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1. INTRODUCTION

A classical theorem of Siegel [Sieb5] says that the dimension of global holomorphic sec-
tions of the k™ tensor power E* of a holomorphic line bundle E over a compact complex
manifold X of dimension n grows at a rate of at most k™ as k tends to infinity. This
theorem has important implications in complex algebraic geometry. For example, Siegel
proved that, as a consequence, the algebraic degree of X (i.e., the transcendence degree of
the field of meromorphic functions on X; the maximal number of algebraically independent
meromorphic functions on X) is less than or equal to n (see also [Th54]). We refer the
reader to [And73] and [MMO07] for in-depth coverage of the subject.

The classical Morse inequalities on compact Riemannian manifolds, relating the Betti
numbers to the Morse indices, showcase interplays among analysis, geometry, and topol-
ogy (see [Mil63] for an exposition on the subject). In an influential paper [W82], Witten
provided an analytic approach to the Morse inequalities. Instead of studying the deRham
complex directly, Witten used the twisted deRham complex d;y = et det! | where d is the
exterior differential operator and f the Morse function. The Morse inequalities then follows
from spectral analysis of the twisted Laplace-Beltrami operator by letting ¢ — oco. (See,
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for example, [HS85, Bis86, Z01, HN05] and references therein for detailed expositions of
Witten’s approach.)

Asymptotic Morse inequalities for compact complex manifolds were established by De-
mailly ([De85]; see also [De89]). Demailly’s Morse inequalities were inspired in part by Siu’s
solution [Siu85] to the Grauert-Riemenschneider conjecture [GR70] which states that a com-
pact complex manifold with a semi-positive holomorphic line bundle that is positive on a
dense subset is necessarily Moishezon (i.e., its algebraic degree is the same as the dimension
of the manifold). It is noteworthy that whereas the underpinning of Witten’s approach is
a semi-classical analysis of Schrodinger operators without magnetic fields, Demailly’s holo-
morphic Morse inequality is connected to Schrédinger operators with strong magnetic fields.
(Interestingly, a related phenomenon also occurs in compactness in the d-Neumann prob-
lem for Hartogs domains in C? (see [FS02, CF05]): Whereas Catlin’s property (P) can
be phrased in terms of semi-classical limits of non-magnetic Schrédinger operators, com-
pactness of the O-Neumann operator reduces to Schrodinger operators with degenerated
magnetic fields.) More recently, Berman established a local version of holomorphic Morse
inequalities on compact complex manifolds [Ber04] and generalized Demailly’s holomorphic
Morse inequalities to complex manifolds with non-degenerated boundaries [Ber05]. We
refer the reader to Chapter 3 of [MMO7] and references therein for an in-depth study of
holomorphic Morse inequalities on non-compact complex manifolds.

Here we study spectral behavior of the complex Laplacian for a relatively compact smooth
domain in a complex manifold whose boundary has a degenerated Levi form. In particular,
we are interested in Siegel type estimates for such a domain. Let Q@ CC X be a domain
with smooth boundary in a complex manifold of dimension n. Let E be a holomorphic
line bundle over Q that extends smoothly to bS2. Let h%(Q2, E') be the dimension of the
Dolbeault cohomology group on € for (0,¢)-forms with values in E. Let h?(S, E) be the
dimension of the corresponding L2-cohomology group for the d-operator (see Section 2 for
the precise definitions). It was proved by Hérmander that when 02 satisfies conditions a,
and aq+11, then these two cohomology groups are isomorphic. Furthermore, there exists a
defining function r of {2 and a constant ¢y, independent of E, such that these cohomology
groups are isomorphic to their counterparts on Q. = {z € Q | r(z) < —c} for all ¢ € (0, ¢p).
(See [O82] and [Ta83] for related results.) Our first result is an observation that combining
Hormander’s theorems [H65] with a theorem of Diederich and Forneess [DF77] yields the
following:

Theorem 1.1. Let Q CC X be a smooth pseudoconvexr domain. Assume that there exists a
neighborhood U of b2 and a bounded continuous function whose complex hessian is bounded
from below by a positive constant on U N Y. Then h1(Q, E) = Eq(Q E) for all1 < q<n.

Furthermore, there exists a defining function r_of @ and a_constant co > 0, independent of
E, such that bQ, is strictly pseudoconvez and hi(SY, E) = hi(Q, E) for all ¢ € (0, cp).

It follows from the work of Catlin [Ca84b, Ca87] that a smooth pseudoconvex domain of
finite type satisfies the assumption in the above theorem (for the two dimensional case, see
also [Ca89, FoS89]). Together with Berman’s result, one then obtains holomorphic Morse
inequalities for such pseudoconvex domains (see Section 3). In particular, h?(Q, E¥) < Ck",
1 < ¢ < n, for some constant C' > 0. For pseudoconcave domains, we have

1Recall that the boundary b2 satisfies condition a4 if the Levi form of its defining function has either at
least g + 1 negative eigenvalues or at least n — ¢ positive eigenvalues at every boundary point
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Theorem 1.2. Assume that Q CC X is pseudoconcave and bS) does not contain the germ
of any complex hypersurface. Then h%(Q, E¥) < Ck™ for some constant C > 0.

Notice that the above results show that h?(£2, E¥) is insensitive to the order of degen-
eracy of the Levi form of the boundary. This is related to the fact that the dimensions of
cohomology groups (equivalently, the multiplicity of the zero eigenvalues of the d-Neumann
Laplacian) alone, even though they can determine pseudoconvexity (see [Fu05] for a dis-
cussion on related results), are not sufficient to detect other geometric features, such as the
finite type conditions, of the boundary. For this, we need to consider higher eigenvalues.
Let Nj(A) be the number of eigenvalues that are less than or equal to A of the d-Neumann
Laplacian on € for (0,1)-forms with values in E*. The following is the main theorem of
the paper:

Theorem 1.3. Let Q CC X be pseudoconver domain with smooth boundary in a complex
surface X. Let E be a holomorphic line bundle over  that extends smoothly to b2. Then
b2 is of finite type if and only if Ni(Ck) has at most polynomial growth as k — oo for any
C > 0.

The proof of the above theorem is a modification of the arguments in [Fu05b]; we need
only to establish here that effects of the curvatures of the base metric on the complex
surface X and the fiber metric of the line bundle E* are negligible.

Our paper is organized as follows. In Section 2, we review definitions and notations, and
provide necessary backgrounds. we prove Theorem 1.1 in Section 3 and Theorem 1.2 in
Section 4. The rest of the paper is devoted to the proof of Theorem 1.3. For the reader’s
convenience, we have made an effort to have the paper self-contained. This results in
including previously known arguments in the paper. We thank George Marinescu and the
referee for constructive suggestions.

2. PRELIMINARIES

2.1. The 0-Neumann Laplacian. We first review the well-known setup for the 9-Neumann
Laplacian on complex manifolds. (We refer the reader to [H65, FoK72, CS99, 0O02] for
extensive treatises of the d and d-Neumann problems and to [De] for L2-theory of the -
operator on complex manifolds.) Let X be a complex manifold of dimension n. Let E be
a holomorphic vector bundle of rank r over X. Let

Coo(X,E) = C®(X,A"T*X ® E), C§u.(X,E) =a)_Coo (X, E).

Let §: E|yy — U x C" be a local holomorphic trivialization of E over U. Let ¢, 1 < j <,
be the standard basis for C" and let e; = = (x, gj), 1 < j <, be the corresponding local
holomorphic frame of E|y. For any s € C§< (U, E), we make the identification

-
s:Zsj(X)ej ~p (S1,.--, ),
j=1

where s; € C§5(U,C), 1 < j < r. Then the canonical (0, 1)-connection is by definition
given by

0qs ~9 (951, ...,0¢5,) € CGy1(M, E),

where 5q is the projection of the exterior differential operator onto C*°(X, A%4T*X).
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Now assume that X is equipped with a hermitian metric h, given in local holomorphic
coordinates (z1,...,2y) by

n
h = Z hjrdz; @ dzy,
Gk=1
where (hjy) is a positive hermitian matrix. Let Q2 be a domain in X. Let £ be a holomorphic
vector bundle over ) that extends smoothly to 2. Assume that E is equipped with a
smoothly varying hermitian fiber metric g, given in a local holomorphic frame {ey,..., e, }
by gjk = (e, ex). For u,v € C3°(X, E), let (u,v) be the point-wise inner product of u and
v, and let

(o)) = /Q<u, o)AV

be the inner product of u and v over Q. Let L%7q(Q, E) be the completion of the restriction
of C§% (X, E) to Q with respect to the inner product ((-,-))q. We also use 9, to denote
the closure of 9, on L&Q(Q,E). Thus 5}: Laq(Q, E) — L(2),q+1(Q’E) is a densely defined,
closed operator on Hilbert spaces. Let 82 be its Hilbert space adjoint.
Let
Qf (1, 0) = (Bqu, 0qv))a + ({8511, 84_10))e
be the sesquilinear form on Laq(Q, E) with domain D (ng) =D (9,)ND (5;_1). Then ng
is densely defined and closed. It then follows from general operator theory (see [Dav95])
that Qg g uniquely determines a densely defined self-adjoint operator Dg g Lg,q(ﬂ, E) —

L%’q(Q, E) such that
Q8 q(u,v) = {(u, 05 v)),  for u e D(QF,),v € D(Og,),

and D ((Dqu)l/Q) =D (Qg,q). This operator ng is called the 0-Neumann Laplacian on
Lg’ q(Q, E). Tt is an elliptic operator with non-coercive boundary conditions. It follows from
the work of Kohn [Ko063, Ko64, Ko72] and Catlin [Ca83, Ca87] that it is subelliptic when

Q is a relatively compact and smoothly bounded pseudoconvex domain of finite type in the
sense of D’Angelo [D82, D93]: There exists an € € (0,1/2] such that

lull2 < C(QF 4 (us w) + [[ull?)
for all u € D (ng), where || - || denotes the L2-Sobolev norm of order € on €.

2.2. The Dolbeault and L?-cohomology groups. The Dolbeault and the L?-cohomology
groups on {2 with values in F are given respectively by
€CE(LE)|0,f =0
oy (0,5 = U SO E) 180 =0)
{94191 9 € C55,_1(2, E)}

and _
{f € L§ (2, E) | 8, f = 0}

{9,199 € D(9,1)}
It follows from general operator theory that Ho4(2, E) is isomorphic to A/ (Dg q), the null

Ho,(Q, E) =

space of DE’q, when gq_l has closed range. Furthermore, flo,q(Q, E) is finite dimensional
when ngq has compact resolvent, in particular, when it is subelliptic. It was shown by
Hormander [H65] that when b} satisfies conditions a, and a,41, the L2-cohomology group
.F~I07q(Q, E) is isomorphic to the Dolbeault cohomology group Hy 4(£, E).
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2.3. The spectral kernel. Assume that Dg q has compact resolvent. Let {)\?; j=12...}
be its eigenvalues, arranged in increasing order and repeated according to multiplicity. Let
gog- be the corresponding normalized eigenforms. The spectral resolution Eg MOVE Lg,q (QFE)—

L§ (9, E) of O0f, is given by
Ef,(Nu= Y ((u, )]
A <A

Let equ(/\; z,w) be the spectral kernel,i.e., the Schwarz kernel of Eg’q()\). Then

trqu)\zz Z|4p]
A <A

Let

Sbq(%2) = sup{le(2)]* | ¢ € BS ;(AN(LF4(2 E)), ol = 1)
It is easy to see that
nl

2.1 SE (X\iz) <trel (N <
( ) Q,q( ,Z)_ reQ,q( ,Z,Z)_ q‘(n—q)

(See, e.g., Lemma 2.1 in [Ber04].)

3. ISOMORPHISM BETWEEN THE DOLBEAULT AND L2-COHOMOLOGY GROUPS

The following proposition is a simple variation of a result due to Diederich and Fornaess
[DF77]. We provide a proof, following Sibony ([Sib87, Sib89]), for completeness.

Proposition 3.1. Let Q CC X be pseudoconvex with smooth boundary. Assume that there
exists a neighborhood U of b2 and a bounded continuous function whose complex hessian
is bounded below by a positive constant. Then there exists an n € (0,1), a smooth defining
function 7 of 0, and a constant C' > 0 such that p = —(—7)" satisfies

(3.1) Ly(2,€) = 89p(€,€) = Clp(2)[I€]],

forall z€ QNU and € € T} (X).

Proof. Let r be a defining function of 2. Let V' CC U be a tubular neighborhood of b{2
such that the projection from z € V onto the closest point 7(z) € b2 is well-defined and
smooth. Shrinking V' if necessary, we may assume that both z and 7(z) are contained in the

same coordinate patch. By decomposing £ € T: ’O(X ) into complex tangential and normal
components, we then obtain that

(3.2) L:(2,6) > =Ci(Ir(2)[|€]R + [€]nl(Or(2), £)])

for some constant C7 > 0.
Write p(2) = ¢(r(z))ef?) where ¢ is a smooth function on (—oc,0) and f(z) on U. Then
it follows from direct calculations that

Lp(2,8) = el (¢'Ly(2,€) + (0, )

+0L1(2,€) + l(OF O + 24 Re (9, €)(0F,€)).
Let p(t) = —(—t)". Let A > 0 be a constant to be determined. Using the inequalities
A|7“|

(3.3)

2€]nl(0r, &) < =€l + (0 )

AII
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and A
2(or, 107 6)| < 1

we then obtain from (3.2) and (3.3) that

2 n 2

1 C
£5(2:) 2 lpl(= Culn+ SAER + 50— = 5 = 5Dl )

— Ly(26) — 1+ A)2f.&)F).
By Richberg’s theorem, we may assume that there exists a bounded g € C*(U N Q)

such that L4(z,&) > C[¢]* for some C' > 0. By rescaling g, we may further assume that
—2<g<—1. Let f=—€9. Thenon V,

(35)  —Lp(2,6) — (L + ADNIL,EF = e?(Ly(2,6) + (1= (1 + A)e?)|(dg, &) ).

Now choosing A and then 7 sufficiently small, we then obtain (3.1) on V N Q. We extend p
to a strictly plurisubharmonic function on U N Q2 by letting p(z) = 0(p) + dx(2)g(z) where
6 is a smooth convex increasing function such that 6(t) = ¢ for |¢| < e and is constant when
t < —2e for sufficiently small £ > 0, x(z) € C°(Q) is identically 1 on a neighborhood of
Q\ V, and ¢ is sufficiently small. The desirable defining function is obtained by letting

F=—(=p)/n. O

We now prove Theorem 1.1. Let ¢y > 0 be any sufficiently small constant such that
{p = —=¢l} c UNQ (following the notations of Proposition 3.1). Theorem 1.1 is then a
consequence of the combination of the above proposition and the results in Chapter III
in [H65]%2. More specifically, that h?(Q, E) = EQ(QC,E), 1 < g < mn, for any ¢ € (0,cp)
follows from Theorem 3.4.9 in [H65]. The proof of h4(Q, E) = hi(Q., E) also follows
along the line of the proof of Theorem 3.4.9. We provide details as follows: Since €2
is strictly pseudoconvex, ﬁqu(Qc,E) is finite dimensional. To prove that the restriction
map _FIQg(Q, E) — flo,q(Qc, E) is onto, one needs only to show that the restriction of the
nullspace NV (9, Q) to € is dense in N (dy, Q). Let {¢;}52; be an decreasing sequence of

(3.4)

positive numbers approaching 0 with ¢; = c. Let f = f; € N(94,Q¢ ) and let € > 0. By
applying Theorem 3.4.7 in [H65] inductively, we obtain f; € N(,, ;) such that

1= fietlle, < o5
It follows that there exists some g € N(dg, ) such that for any k, ||f; — 9la., — 0 as
j — o0, and || f — g|lq. < e. Hence the restriction map is surjective.

To prove the injectivity of the restriction map, it suffices to prove that for any f €
Laq(Q,E) such that 9,f = 0 on Q and f = d,—1u on Q. for some u € Laq(Qc,E), there
exists a form v € Laq_l(Q, E) such that f = d,—1v on . By Theorem 3.4.6 in [H65], there
exists 01 € Lg, 1 (Qe,, E) such that f = 4101 on Q,. Since d4_1(u — 01) = 0 on €, , by
Theorem 3.4.7 in [H65], there exists 07 € Laqfl(QCQ, E) such that 9,191 = 0 on Q, and
lu—v1 — @1”%%1 < 1/2. Let v1 = 01 + 1. Continuing this procedure inductively, we then
obtain v; € L§, (2 E) such that f = dg_1v; on O, and

1

< —.
j+1 = 97

Cj+17
v = vjt1lla.

2Althoug;h the results in [H65] were stated only for forms with values in the trivial line bundle, it is not
difficult to see that they also hold for forms with values in any holomorphic line bundle.
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It then follows that there exists v € L%’q(Q7 E) such that for any k, [[v; —vlla,, — 0. Hence
f= 5,1_11) on 2. We thus conclude the proof of Theorem 1.1.

For any ¢ € (0,¢p), let Q. = {z € Q| 7(2) < —c}. Let © be the Chern curvature form of
E. Let X.(q) be the subset of Q. where index (0) = ¢ (namely, © has exactly ¢ negative
eigenvalues). Let X (> ¢) be the union of X.(j) for ¢ < j < n. For each z € b2, le

Teo(q) = {t > 0] index (O + tLp)| 1n,00,) = O}
Let T, .(> ¢) be the union of T, .(j ) for ¢ < 7 < n. Note that T, C( ) =0. Let

Ic(q)zgﬁl))q / // @Zt_ﬁli AapAdt>.

Let I.(> q) be defined as above but with X.(¢q ) and T..(q) in the integrals replaced by
Xc.(> q) and T, (> q) respectively. The following is a simple consequence of Berman’s
results ([Ber05]), in light of Theorem 1.1 (compare [Bou89, Mar96] and Theorem 3.5.10 in
[MMO7)):

Corollary 3.2. Let Q CC X be a smooth pseudoconver domain. Assume that there exists
a bounded continuous function whose complex hessian is bounded from below by a positive
constant in a neighborhood of bS). Then for any 1 < g < n,

(1) (Weak holomorphic Morse inequality)
ha(Q, BX) < I(q)k"™ + o(k™).
(2) (Strong holomorphic Morse inequality)

D (1) (Q,EY) < T(> gk + o(k").
Jj=q
Remark. Recall that a domain @ CC X is said to satisfies property (P) in the sense

of Catlin [Ca84b] if for any M > 0, there exists a neighborhood U of bQ) and a function
feC>®(QnU) such that [f| <1 and

Li(2,6) > M|ef?

forall z € QNU and € € T3°(X).

It follows from the work of Catlin [Ca84b, Ca87] that any relatively compact smooth
pseudoconvex domain with finite type boundary in a complex manifold satisfies property
(P)(see also [Ca89, FoS89] for the two dimensional case)®. Hence Theorem 1.1 and Corol-
lary 3.2 apply to these domains.

4. PSEUDOCONCAVITY AND THE ASYMPTOTIC ESTIMATES
Let 2 CC X be a smoothly bounded domain in a complex manifold X of dimension n.

Definition 4.1. A point ¢ € b2 is an Andreotti pseudoconcave point if there exists a
fundamental system of neighborhoods {U} such that ¢ is an interior point of each of the
sets

UNnQu ={peUl[f(p)| < Sggg\f(Z)Wf € O(U)}.
zE
A domain 2 is Andreotti pseudoconcave if each of its boundary points is.

3All the cited papers state the results for domains in C™. Since the constructions in these papers are
local in nature, one can check that they also work for domains in complex manifolds.
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Note that this definition does not depend on the choice of the fundamental system of
neighborhoods.
We list some well known properties of Andreotti pseudoconcavity.

(1) There are no relatively compact pseudoconcave domains in C".

(2) If the Levi form of b2 has at each g € b2 at least one negative eigenvalue, then 2
is (strictly) pseudoconcave.

(3) If X has a relatively compact pseudoconcave subdomain, then O(X) = C.

(4) Each complex submanifold of CP™ has a pseudoconcave neighborhood.

Recall that a real hypersurface M in X is minimal (in the sense of Trepreau) at a point
q if there does not exist the germ of complex hypersurface passing through ¢ and contained
in M. We say an open set is minimal at a boundary point if the boundary is minimal at
that point.

Theorem 4.1. Let g € b§2. If the Levi form has no positive eigenvalues in a neighborhood
of ¢ and Q) is minimal at q, then q is an Andreotti pseudoconcave point.

Theorem 4.2. If Q is Andreotti pseudoconcave and relatively compact and if E is a holo-
morphic line bundle over Q, then there is some constant depending only on Q and E such
that

h0(Q, E*) < Ck",
where as before h°(Q, E) is the dimension of the space of global holomorphic sections over
Q with values in E*.

The first theorem will follow directly from some well-known results. When b(2 is real
analytic, this theorem is essentially contained in [BFe78]. The second theorem is due to
Siegel [Sieb5] and Andreotti [And63] and [And73]. We sketch the proof from [And63],
simplified to apply to manifolds rather than spaces.

We state Trepreau’s Theorem [Tre86]:

Theorem 4.3. If bS) is minimal at the point q then there exist a fundamental system of
neighborhoods {V'} of q¢ and an open set S lying on one side of b2, with bS N b an open
neighborhood of q in bS), such that

oWV)—-0VnSs)
1S surjective.
To prove Theorem 4.1, we first show that the set S from Trepreau’s theorem lies in ).
To see this, note that as long as € is small enough, bQ N B(q, €) is Levi pseudoconvex, as

part of the boundary of Q¢ N B(q,€) and so Q¢ N B(q, €) is pseudoconvex and therefore a
domain of holomorphy. Thus for no neighborhood V of g is the map

OV) — OV NQ°)

surjective. So S C €2 and Trepreau’s theorem asserts that each holomorphic function on
V' NQ, for V in the fundamental family of neighborhoods , extends holomorphically to V.
It then follows that

sup | f| = sup |f|
1% VNQ
and so ¢ is a pseudoconcave point. We thus conclude the proof of Theorem 4.1.

Let Q@ CcC X. We assume that € is Andreotti pseudoconcave . We may extend the
relevant transition functions of the bundle E holomorphically across the boundary of 2
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and so there is no loss of generality in assuming that £ is a holomorphic line bundle over
an open neighborhood of €.

The following lemma (see [Sie55]) is fundamental to the arguments.

Lemma 4.4. There exist a finite number of points x4, € 2, a = 1...N and an integer h
such that the only section of E which vanishes to at least order h at each x, is the zero
section. Further, there exists a constant C' depending only on a fized covering of € so that
h can be chosen to be any integer greater than C'ln g, where g depends only on bounds for
the transition functions for E.

Proof. Let

P.={zeC"| |zn|<r, 1<m<n}
be a polydisc. There exist finite open coverings, {Q, & = 1,..., K} and {W,, a =
1,...,N}, of Q with the following properties.

(1) Each Q4 is diffeomorphic to the unit ball in C™ and biholomorphic to a domain of
holomorphy in C". Note that any holomorphic line bundle over € is holomorphi-
cally trivial.

(2) There is some real number rg, 0 < 19 < 1 such that for each a there exists a
biholomorphism ¢, defined on an open neighborhood of W, taking W, — P,,. It
follows that there is some real number r1, not depending on a and with rg < ry < 1,
for which ¢, 1(P,,) is defined. Set
Vo= (lgl(Pm)-
(3) There exists a map
J:{l,...,N} = {1,...,K}
such that o
Vo C QJ(a) N {QJ(a) N Q}
Choose a nowhere zero holomorphic section o : ; — Elq,. Define
ik Ny, — C
by
05 = gjk(x)ak.
Let

g=sup sup |gjr(x)].
7.k IL‘EQjﬁQk

Note that 1 < g < oc.
Set Q9 = |J V4. For each section s : Qy — E we introduce the notation

slv, = 57(a)0.5(a)

and define
Isllv = supqy, 155l
Isllw = supqw, IS
Note that
SJ(b) = SJ(a)9J(a)J(b)"
Since

o —

Vi C (@ NQ)
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we have

(4.1) Sup [sy(g)) < sup [sy(q)l-
VJ(a) QJ(&)OQ

Let z € 5(4)N§. Then, because {W}} is a covering of €2, there is some b for which z € W,
So

|5J(a)(95)| = |9J(a)J(b)(fE)SJ(b)(JU)| <9 |5J(b)(x)|‘
Combining this with (4.1), we obtain
lIsllv < g lIsllw-
Note how the pseudoconcavity was used to derive this inequality. Now we need a good
bound for ||s|| in terms of ||s||y. This is the main point in the proof. Let
Tq = (b;l(o)'
We now make use of the hypothesis that s vanishes to order h at each x,. Recall the

following version of the Schwarz Lemma [Sie55].

Lemma 4.5. If F(z) is holomorphic on P, and vanishes to order at least h at the origin,
then .
0
sup |F(z)| < ()" sup [F(2)].
ZGPT‘O ™ ZePrl
Let ¢ = ro/r1. Applying the Schwarz Lemma to W, C V, for each a, we obtain

h
Isllw < ¢"[s]]v-
Note that ¢ satisfies 0 < ¢ < 1 and that ¢ only depends on the choice of {W,} and {¢,}.
We now have
lIsllv < gllsllw < ¢"glls[lv
and so s = 0 provided we take h to be an integer satisfying
1
(4.2) h> -9
Ingq

(Recall g > 1 and 0 < ¢ < 1.) O
It is now easy to see how the Fundamental Lemma implies Theorem 4.2. Let I'(Q, E)
be the complex vector space of holomorphic sections of E over some neighborhood of §2.

The neighborhood is allowed to depend on the section. Let J(z,) be the space of jets up
to order h at x, of holomorphic sections of F. Consider the map

D(Q,B) — &l J(w,).
The Fundamental Lemma tells us that this map is injective. The dimension of each J(z,)

. n+h
is L .

Thus

h

We want to estimate the right hand side when h is large. We do this using Sterling’s
asymptotic formula:

hO(Q,E)§N< ”+h>.

m
m

m! ~V2rm—.
em
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So, as h — oo

n+h\ _(n+h)! T+ FEn+h)""
( h >_ aln! 7 e"hhn!
(n+h)"

n!
hn
o

Q

~
~

Now we replace E by E*. This means that the transition functions are replaced by their

k" powers and so g becomes g¥. Then h is replaced by ¢k for some ¢ depending on E and

SO

n+cdk
dk

This completes the proof, based on [And63], of Theorem 4.2.

We will need some minor modifications of Lemma 4.4. First we replace E* by a bundle
of the form LF @ F*. The transition functions for L* @ F** are of the form gfj 5 and so
are bounded by C**¢ for some C. So in the proof of Theorem 4.2 the inequality (4.2) is
replaced by

(4.3) W (Q, EF) < C ( > < C'k".

—InCkts
4.4 h>——
(4.4) Ing
and inequality (4.3) is replaced by
0 k s n -+ C,(k + S) l n
(4.5) hY(Q, L ®F)<C< d(k + 5) < C'(k+s)".
Next we assume that local holomorphic coordinates (y,...,(, are specified in a neigh-
borhood of each x, and that the only sections we consider are those that in a neighborhood
of z, are holomorphic functions of only (1,...,{, for some m < n. Denote the space of

such sections by I'g(Q, E). We have restricted the set of sections so of course it still follows
that a section vanishing to at least order h at each x, must be identically zero. At each z,

there are ( m}—l— h

) polynomials in m variables of degree less than or equal to h. So

dim To(QL, E) < N < m;:h )
and as before
m+ck

dim To(Q, E*) < C ( m

> < C'E™.
And finally, we combine these two modifications.
(4.6) dim To(Q, LF @ F*) < C'(k + s)™.

We conclude with an application from [Sie55]. Let X be a compact complex manifold
with dim X = n. (Or, more generally, let X contain a relatively compact Andreotti
pseudoconcave subset, see [And63]. In particular, the results will apply to any X containing
a set Q0 as in Theorem 4.1) . Recall that meromorphic functions on a complex manifold X
are analytically dependent if

Afi A ... Adfyn =0
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at each point of X at which the functions are all holomorphic. And they are algebraically
dependent if there is a nontrivial polynomial P over C' with

P(fluufm)zo

at all such points. It is easy to see that algebraic dependence implies analytic dependence.
Here is the converse.

Theorem 4.6. If the meromorphic functions fi,..., fm on X are analytically dependent,
then they are also algebraically dependent.

This implies that the field of meromorphic functions on X is an algebraic extension of
the field of rational functions in d variables, with d < n. Thus

K(X)=Q(t1,...,tq4,0), 0 algebraic in t1,...,t4.

We first relate memomorphic functions to line bundles. Given a meromorphic function f,
we may find a finite covering
x =y

and holomorphic functions over U; such that
fzzﬁont, and&:&ontﬂUk.
75 4 Ak

Let L be the line bundle with transition functions

9ik = ;Li € O*(U;j N Uy).

Then
p={p;} and q = {q;}
are global sections of L and f = p/q is a global quotient.

We are now ready to prove Theorem 4.6. We change notation and start with analytically
independent meromorphic functions fi,..., fi,, and a meromorphic function f with

dfi AN...Ndfp, =0

at each point where this makes sense. We need to find a polynomial such that P(f1,... fm, f) =
0 at each point where the functions are all holomorphic. Let L; be the bundle associated
to fj and let F' be the bundle associated to f. Then each f; is a global quotient of sections
of
L=0L1®Ls®...Q Ly,
Further, ffl ... fkm £ is a global quotient of L¥ @ F* where k = ki + ... + k.
We write

fi =

5.
i 5,50 global sections of L,
¢

f = ¢, 1 global sections of F.

(G

We fix some positive integers r and s. Let

Wo(r,s) = {polynomials of degree at most r
in each of X1,..., X

and degree at most s in X,,41}
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We want to eliminate the denominators in our global quotients and also to work only with
homogeneous polynomials. So let

W(T’ S) = {Q(&a n’Xla cee 7Xm’ Xm+1) = é—m’l"nsp(

X Xm Xm
! "'7?7 +1),PEW0(’I",S)}.

& n
Thus @ € W(r, s) is homogeneous in the sense that
Q(a&,bn,aXy,...,aXm, bXmi1) =a™b°Q(&, 1, X1, .., Xony Xt 1)-

We may assume that at the points x, in the proof of Theorem 4.2

dfy A ... Ndfm # 0.

So these functions define a partial set of local coordinates which we use to define T'y(€2, L™ ®
).
1)\Text define
IT: W(r,s) — To(X, L™ ® F?)
by
I1Q = Q(50,v¢, 81, -+, Sm, D).
It suffices to prove that II is not injective. The modifications of Theorem 4.2 apply as long
as (4.4) holds. Thus (4.6) holds with k replaced by mr:

dim To(X, L™ @ F*) < C'(mr + s)™.
It is easy to see that
dim W(r,s) = (r+1)"(s+1).
So if r and s can be chosen such that
(r+1)™(s+1)>C"(mr+s)™

then II is not injective. We write this inequality as

(m+ 2)™
4.7 s+1>C—-T—.
(4.7) (14 2ym
We first choose s so that
s+1>2Cm™

and then choose r large enough to guarantee (4.7).

5. HEARING THE FINITE TYPE CONDITION IN TWO DIMENSIONS

5.1. The finite type condition. Hereafter, we will assume that X is a complex surface
and € is a relatively compact domain with smooth boundary in X. The boundary b} is
said to be of finite type (in the sense of D’Angelo [D82]) if the normalized order of contact
of any analytic variety with 0€) is finite. The highest order of contact is the type of the
domain.

Assume that X is equipped with a hermitian metric h. Let r(z) be the signed geodesic
distance from z to b§2 such that » < 0 on  and r > 0 outside of 2. Then r is smooth
on a neighborhood U of © and |dr|, = 1 on U. Let 2’ € bQ and let L be a normalized
(1,0)-vector field in a neighborhood of 2’ such that Lr = 0. For any integers j, k > 1, let

Lid0r(2)y= L...L L...L 90r(L,L)(7'),

7 — 1 times k — 1 times
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Let m be any positive integer. For any 2 <[ < 2m, let

_ 1/2

(5.1) A(2) :( 3 \cjkaar(z’)ﬁ) .
J+k<I
7,k>0

For any 7 > 0, let

(5.2) 0(2,m)=> A

It is easy to see that
(5.3) §(2/,7) <% and  MO(2, 1) < 6(2 er) < 26(,T),

for any 7 and ¢ such that 0 < 7,¢ < 1. Furthermore, bS2 is of finite type 2m if and only if
§(2',7) 2 7™ uniformly for all 2/ € bQ and 6(z),7) < 7°™ for some z{, € bS). (Here and
throughout the paper, f < g means that f < Cg for some positive constant C. It should
be clear from the context which parameters the constant C' is independent of. For example,
the constant in (5.3) is understood to be independent of 2" and 7.)

Let 2° be a fixed boundary point and let V be a neighborhood of 2° such that its
closure is contained in a coordinate patch. Let m be any positive integer. It follows from
Proposition 1.1 in [FoS89] that for any 2’ € V NS, after a possible shrinking of V', there
exists a neighborhood U, of 2z’ and local holomorphic coordinates (z1, 22) centered at 2’
and depending smoothly on 2’ such that in these coordinates

UsNQ={2€Uy | p(z) =Re z2a+1(21,Im 23) < 0},

where 1(z1,Im z9) has the form of

(5.4) t(z1,Im 22) = P(21) + (Im 22)Q(21) + O (|21 /""" + | Tm za[|21|™ ! + | Tm 25[?|21)
with

Z Z ajr(z zlz{g and  Q(z1) Z Z bjr(2’ 2121

1=2 j+k=l 1=2 j+k=l
J:k>0 7,k>0

being polynomials without harmonic terms. Furthermore, there exist positive constants C
and Cy, independent of 2/, such that

1/

C14(= ( > aji(? 2) < CoAy(Y)
J+k<l
4,k>0

for 2 < < 2m.

The above properties hold without the pseudoconvex or finite type assumption on {2.
Under the assumption that b2 is pseudoconvex of finite type 2m, it then follows from
Proposition 1.6 in [FoS89] that for all 0 < 7 < 1,

(5.5) ZBl )< T(6(, 7)Y

where

= (X paer) "

J+k<l
7,k>0
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The anisotropic bidisc R,(z) is given in the (z1, z2)-coordinates by
(5.6) R.(2) = {|z1] < 7, |22| < 8(</,7)"/2}.

We refer the reader to [Ca89, Mc89, NRSW89, Fu05b] and references therein for a discussion
of these and other anisotropic “balls”. It was shown in [Fu05b] (see Lemmas 3.2 and 3.3
therein) that the anisotropic bidiscs R, (z') satisfy the following doubling and engulfing
properties: There exists a positive constant C, independent of 2/, such that if 2’ € R-(2")N

bQ), then C~15(2',7) < 8(2",7) < C3(2',7), R-(2') C Rer(2"), and R, (2") C Ror(2').

5.2. Interior estimates. Let E be a holomorphic line bundle over 2 that extends smoothly
to the boundary Q). Let ex()\; z,w) be the spectral kernel of the 9-Neumann Laplacian on
(0, 1)-forms on Q with values in E¥. Let 7: U — bQ be the projection onto the boundary
such that |r(z)| = distance (z,7(z)). Shrinking U if necessary, we have = € C*°(U). Write

T = 1/\/E

Proposition 5.1. For any C,c > 0,

(5.7) tr ex(Ck; 2, 2) S k(5(m(2), 7))~

for all sufficiently large k and all z € Q with d(z) > ¢(8(n(2), 7)) "/2.

It is a consequence of a classical result of Géarding [G53] that for any compact subset K
of ,

(5.8) tr e, (Ck; z,2) S k2, for z € K.

Evidently, the constant in the above estimate depends on K. (See Theorem 3.2 in [Ber04] for
a more general and precise version of this result.) In fact, this is also true for any z € 2 with
d(z) > 1/vk. (Compare estimate (2.3) in [Me81], Theorem 3.2 in [Ber04], and Proposition
5.7 in [Ber05].) Therefore, it suffices to establish (5.7) on {z € Q,c(d(n(z),7))Y/? <
|r(2)] < 7x}. This also follows from the elliptic theory, via an anisotropic rescaling. We
provide details below.

Let 2’ € bQ). Following the discussion in Section 5.1, we can choose holomorphic coordi-
nates centered and orthonormal at 2z’ such that in a neighborhood U, of 2/, b2 is defined
by p(z1, z2) = Re 2o + ¢ (21, Im z2) where ¢(z1,Im 29) is in the form of (5.4). Assume that
the hermitian metric is given on U,/ by

.2
(5.9) h = % S hu(z)dz; Adz,  with  hy(0) = 6y
=1

and the fiber metric on FE is given by

2
(5.10) ) =¥ with p(2) = 3 auzE +O(ef),
ji=1
where e(z) is an appropriate holomorphic frame of E over U,.

Write Q,, = QN U,. Let wh = dp and W] = pz,dz1 — pzdze. Let wy and w; be the
orthonormal basis for (1,0)-forms on 2, obtained by applying the Gram-Schmidt process
to wh and w). Let Ly and L; be the dual basis for T19(Q,).

Write 6 = 0(2’, 1) and let ¢ > 0. For any oy such that 7, > o} > 06,1/2, we define the
anisotropic dilation

(21, 22) = Fi(C1, C2) = (€15 0%C2)-
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Let Uk = F, 71 (U,) and QF, = F_ (/). On QF,, we use the base metric given by

.2
. }
Rk — 5 > hji(Tkd1, oxG2)dGs A d
jil=1

and on E®) = F, (E*) we use the fiber metric given by the weight function

o8 (C) = ko(ThC1, o1 Ca)-

Note that QI;, = (Cl,CQ) S Uj, ’ pk(Cl,CQ) < 0}, where pk(Cl,CQ) = (1/0k)p(TkZ1,0'kZQ). Let
w§ and w§ be the orthonormal basis for (1,0)-forms on Q’Z“, obtained as in the proceeding
paragraph but with p replaced by pi and (21, 22) replaced by (C1,(2) respectively. Let L¥
and L& be the dual basis for T40(QF,). We define Fy: L?(Q, E*) — L?(QF,, E®) by

Fie(0)(C1, G2) = (Tkok)v(TiC1, 01 C2)
and extend Fj to act on forms by acting componentwise as follows:
Fi(01@) + 10@2) = Fi(v1)Tr + Fr(v2)os, Frlvoy Awz) = Fir(v)@h Awh.

(Hereafter, we identify a form with values in E¥ with its representation in the given local
holomorphic trivialization.) It is easy to see that Fy is isometric on L2-spaces with respect
to specified metrics:

ullf g = kauHi(m,g,(k)a
where || - ||k, denotes the L2-norm with respect to the base metric h and the fiber metric
ke and likewise || - ||h<k)#,(k) the L?norm with respect to the base metric h*) and the fiber
metric p*). Let
QW (u,v) = T,?Qg(fl;lu,fglv)
with
D(QW) = {v | F'v € D(QE) and Supp F, 'v C U,},

where Qé = Qgﬁ is the sesquilinear form associated with the O-Neumann Laplacian [OF =

Dgﬁ on (0, 1)-forms on Q with values in E*. Let 00®) be the self-adjoint operator associated
with Q).

Let P' = {¢ € UL | |1] < 1/2,]¢2 + 1| < 1/2}. It is easy to see that for sufficiently large
k > 0, P’ is a relatively compact subset of QI;’,.

Lemma 5.2. Let u € D (QW)) N CX(P'). Then
(5.11) HuH?Q];/ < QM (u,u) + HUHi(m,w(kn
where || - || gk is the L2-Sobolev norm of order 1 on QF,.

Proof. Write u = ulwgk) + uzwgk) and v = F,;l(u) = V101 + voWws. Since v is supported on

2 = Fk(Pl) = {Z e U, | ‘Z1| < (1/2)Tk7 |2’2 —i—Uk‘ < (1/2)0k} ccC Q,
it follows from integration by parts that

2
N _
Q6(0,0) + klvllh o 2 Y IZ501ll7 4
jl=1
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Notice that on R},
hji(2) = 8] < 7
From Section 5.1, we obtain by direct calculations that on R},

_ 0 0

Ly=(1+ O(Tk))ale + O(Tk)£7
and

— 0 0

L2 = O(Tk)aizl ( + O(Tk))az2
Thus,

2
k k 7
Q™ (u, u) + ||U||i<k>,¢(k> = T (Q5(v,v) + k||”"%,k¢) 2 Z HTk:LleHi,k@

Jl=1
- 2 8 Ouj
= Z 321 Hh(k) SD(Ic) || ||h(k) @(k))
j=1
> - Quj 1o
> Z HTZZH’L(’“W(M'
Jil=1

Since |p*)| < 1 on P" and u is compactly supported in P’, a simple integration by parts
argument then yields the estimate (5.11). O

We now complete the proof of Proposition 5.1. From Lemma 5.2, we know that 0O®) is
uniformly (independent of k) strong elliptic on P’. Let P ={¢ € P’ | |G1] < 1/4,|C2+ 1| <
1/4}. Thus by Gérding’s inequality,

(5.12) lulloar,pr S IO o+ [lul
for any u € C[‘)’f"l(Q];,, E®)), where O®) = T%fkﬂgfk_l acts formally.
Let Ej()\) be the spectral resolution of (%, the 9-Neumann Laplacian on € on (0, 1)-

forms with values in E¥. Let v € Ek(Ck:)(Lg’l(Q,Ek)) be of unit norm. Then for any
positive integer M,

(5.13) 1B Mol e < (CRY*M.
Let uy = Fi(v"), where v’ is the restriction of v to U,,. Then
(O May = M F(O6) Mo,
By (5.13), we have

H(D(k))MUkHiw),@(m S L
We obtain from (5.12) and the Sobolev embedding theorem that
Tkok|0(0, —ok)| = [ur(0, —1)| S 1.
Thus by (2.1), we have
tr ex(Ck; (0, —0%), (0, —0%)) < (7'kak;)_2 < k:(Sk_l.

Since the constant in this estimate is uniform as 2’ varies the boundary b and oy varies
between 05;/ % and Tk, we thus conclude the proof of Proposition 5.1.
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5.3. Boundary estimates.

5.3.1. Main boundary estimate. We shall establish the following boundary estimate for the
spectral kernel.

Proposition 5.3. Let C' > 0. For any 2z’ € b) and sufficiently large k,

(5.14) / tr ep(Chi 2, 2)dV (2) S (3(/, 7)) /2.
R (2/)NQ

Recall that 7, = 1/Vk and R, (z) is the anisotropic bidisc given by (5.6). Assume
Proposition 5.3 for a moment, we now prove the sufficiency in Theorem 1.3. In fact we
shall prove the following:

Proposition 5.4. Let Q@ CC X be a smoothly bounded pseudoconver domain in a complex
surface. Let E be a holomorphic line bundle over ) that extends smoothly to bQ2. If b§2 is
of finite type 2m, then for any C > 0, there exists C' > 0 such that Ny(Ck) < C'k™,
More precisely, limy_.oo Ni(Ck)/k'T™ =0 when m > 1.

Proof. We cover b€) by finitely many open sets, each of which is contained in a coordinate
patch as the V’s in Section 5.1. Let 2/ € V N bdQ. Multiplying both sides of (5.14) by
(6(2', 7))~ /% and integrating with respect to 2’ € V NbSY, we obtain by the Fubini-Tonelli
theorem that

. XonR,, ()(2) L )
/Qtr en(Ck: 2, 2) AV (2) /Wm et dS(z)g/Vmbﬂ(a(z,Tk)) ds(=").

(Here xs denotes the characteristic function of the set S.) By Lemma 3.4 in [Fu05], we
then have

(5.15) tr ex(Ck;z,2)dV(z) S Tk_2/ (6(2', )"t dS(2),

/Vm{zemd(z)<c(5(7r(z),rk))1/2} Vb

for some positive constant c.
On {z € Q| d(z) > c(6(n(2),7))"/?}, we know from Proposition 5.1 that

(5.16) tr ex(Ck; 2, 2) S k(6(n(2), 7))~ < k1™,
Also, on any relatively compact subset of {2, we have
(5.17) tr e (Ck; 2, 2) S k2,
where the constant depends on the compact set (see (5.8)). By definition, we have
(5.18) N (Ck) = / tr ex(Ck; z,z) dV (2).
Q

It then follows from (5.15)-(5.17) that
Ni(CE) < EM™,
Note that

2m

T
5.19 li k =
(5.19) 0 5 )

when 2’ € b2 is of type less than 2m and the set of weakly pseudoconvex boundary points
has zero surface measure. Combining (5.15)-(5.19), we obtain from the Lebesgue dominated
convergence theorem that lim supj,_,., Np(Ck)/k™! =0 when m > 1. O



19

Remark. Heuristic arguments seem to suggest that the optimal estimates are Ny (Ck) <
E™Ink when m = 2 and Ni(Ck) < k™ when m > 2.

The remaining subsections are devoted to prove Proposition 5.3. The proof follows along
the line of arguments of the proof of Lemma 6.2 in [Fu05b]: we need to show here that the
contributions from the curvatures of the metric on the base X and the fiber metric on E*
are negligible. We provide necessary detail below.

5.3.2. Uniform Kohn Estimate. We will use a slight differently rescaling scheme from the
one in the previous section. Following [Fu05b], we flatten the boundary before rescaling
the domain and the O-Neumann Laplacian. Let 2’ € b). As in Section 5.2, we may choose
local holomorphic coordinates (21, 22), centered and orthonormal at 2/, such that a defining
function p of b2 in a neighborhood U, of 2z’ has the form given by (5.4). Furthermore, we
may assume that the base metric h on X and the fiber metric ¢ on E are of the forms (5.9)
and (5.10) respectively. Write

p=Re 2+ f(z1) + (Im 22)g1(21) + (1/2)(Im 22)*g2(21) + O(| Im 29|*),

where

f(z1) = P(z1) + O(|z1 ™), g1(21) = Q(z1) + O(|za|™), ga(21) = O(|1)).
Let
(m,m2) = P (21,22) = (21, 22+ h(z1,Im 29) — F(21, 22)),
where

F(Zl, 2’2) = %gg(zl)(Re 29 + h(Zl,IHl 22))2 + i(gl(zl)(Re 22) + 92(2’1)(Re ZQ)(IIH 22)).

(See [Fu05b], Section 4.)

Let p(z) = p(z) — (1/2)g2(21)(p(2))?. Then p(z) is a also defining function for 2,/ =
Q N U, near the origin. Let w; and wy be an othonormal basis for (1,0)-forms on U,
obtained as in Section 5.2 but with p replaced by p. Let L; and Lo be the dual basis for
TY(U,).

We now proceed with the rescaling. Write 6 = (2, 7). For any 7 > 0, we define

(wh w2) = Dz’,T(nla 772) = (771/7-7 772/5)

Let @, , = Dy, 0®, and let Q. , = @, () C {(w1,ws2) € C* | Re wy < 0}. (In what
follows, we sometimes suppress the subscript 2z’ for economy of notations when this causes
no confusions.) Let

Pr(2) = {Jwi] <1, |wa| <672}
It is easy to see that Re-1,(2') C ' (Pr(2')) C Ror(2') (see Lemma 4.1 in [FuO5b]). Let

Gr: (L2(Qu 1)) — L%OJ)(QZ/, EF) be the transformation defined by

G- (u1,uz) = | det d®, Y2 (ug (@, )@1 + ua (@, )w2),
where on L?(£2,/ ) we use the standard Euclidean metric and we identify as before forms

with values in the line bundle E¥ with its representation under the given holomorphic
trivialization. Let 7, = 1/vk and 6}, = (2, 7%) as before. Let

(5.20) Qr, (u,v) = Tg@g(gﬂgu?gﬂgv)
be the densely defined, closed sesquilinear form on (L?(Q2;,))* with D (Q~,) = {G; (u); u €

D (QF), Supp u C U,/}. Here, as before, Q& (-,-) is the sesquilinear form associated with

the -Neumann Laplacian O, on L%O 1)(9, EF).
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The following lemma play a crucial role in the analysis. It is a consequence of Kohn’s
commutator method and is the analogue of Lemma 4.5 in [Fu05b]. We use || - ||? to denote
the tangential Sobolev norm of order ¢ > 0 on C2 = {(wy,ws) € C? | Re wy < 0}.

Lemma 5.5. There exists an € > 0 such that for any sufﬁciently large k,
(5.21) Qn (u ) + [l 2l w |12+, ||| |||2 1ter

for alluw € D(Q,) NCX (P, (2)).
Proof. Let v = Gru = v101 4+ vows. It is easy to see that

ke S 1, [h(2) = 65l S 7
on R, (#'). Thus

2 Inll2 . A 2 2

[ull” = Nlollz ke = [lorllg + (o215,
where || - |0 denotes the L?-norm corresponding to the standard Euclidean metric on U,
in the (21, z9)-variables. We will also use dVj and dSp to denote the volume and surface

elements in the Euclidean metric.
By integration by parts, we have (see [H65 KoT72]),

(5.22) QK (v,v)

bR+ 3 Tl + [ (0090, T)lefe a5
7,l=1

Therefore,

Qn, (u,w) + [|ul]? 2 72(Q6 (v, v) + kHvHik@

> 72 (k[lo]l2 + Z IZul? + / (99p(Ly, T0)) o] dSo)

jl 1
2 i (kllollg + Z IZjill§ +Z IZ105115)
7,l=1
2 llull® + Z 1L +Z 11,7 1%,
7,l=1
where Lj;, = 7(®. 7,)«(L;). The estimate (5.21) then follows from (the proof of )
Lemma 4.5 in [Fu05b]. O

Once Lemma 5.5 is established, the proof of Proposition 5.3 follows along the lines of the
proof of Lemma 6.2 in [Fu05b]. Since there are necessary modifications due to the possible
present of the -cohomology, we provide the necessary details for completeness in the next
subsection.

5.3.3. Comparison with an auziliary Laplacian. Let € be the order of the Sobolev norm in
Lemma 5.5. Let W, 5, be the space of all u € LQ((C2 ) such that

(5.23) =[l w2 +6;" !H H!2 142 < 00

Let 0.5, be the associated densely defined, self—adjoint operator on L?(C2%) such that

HuHeak HDi/;kuH2 and D(Di/fk) = W.5,. Let N, be its inverse. Let x(w1,ws2) be a

smooth cut-off function supported on {|w;| < 2, |wa| < 2} and identically 1 on {|wi| <
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1, Jwa] < 1}. Let x5, (wi,w2) = X(wl,dimwg). We use A;(T) to denote the j™ singular
value (arranged in a decreasing order and repeated according to multiplicity) of a compact
operator 1. It then follows from the min-max principle that

(5.24a) Ajkr1 (T + T2) < Aja(Th) + Arga (T2),
(5.24b) Ajrk1 (T30 T1) < Aja (T1) g (T5)
(see [W80]).
For sufficiently large k and j, we then have
1/2 1/2
(5.25) NN S (1 5%~/

(see Lemma 5.3 in [Fu05b]).
Let s be a cut-off function compactly supported on U,, and identically 1 on a neighbor-
hood of 2’ of uniform size. Let

E,(\) = g‘;vl’fEk()‘/Tlg)’fgm: <L2(Q7'k))2 - (LZ(QTk))Q'
The kernel of E,, () is then given by
(5.26)

en (A w,w') = e(N/78; D7 (w), @71 (w'))r(w)r(w')] det dD; ! (w)|2 | det dDL (w')]2.
We now proceed to prove Proposition 5.3. By (5.26), it suffices to prove that
(5.27) / tr er, (C;w,w) dVo(w) < 6, /.
Pr, (z’)ﬂQTk

Let Oy, : (L2(Q, N P, (2))? — (L*(Qr, N P, (2')))? be the operator associated with the
sesquilinear form @, given by (5.20) but with domain

D (Qr,) = {9, (u) | u € D(QY), Supp u C O.,'(Pr, ()}
Thus O, = Tkg IDQTk. Let N, = (I + DTk)_l. It follows from Lemma 5.5 that

Qn (w,w) + [Jul* Z [lulZs,
for any u € D (Dl/Z) Therefore,
ll? = Qe (NP, N}2u) + [N/ ul* 2 105 N3Pl

55]9

Thus Nb/* = x5, N2/% = x5, N5 03 N2/ Tt follows from (5.24) and (5.25) that

€6k

(5.28) N(NE2) S N (o, N22) S (14 5oy *) o/,

€,0%

Let K be any positive integer such that K > 4/e. Let X(J), j=0,1,..., K, be a family
of cut-off functions supported in {|w;| < 1, |wg| < 1} such that x(©) = x and xU*1) =1 on
Supp x). Let

EY (V) = G, w(ri08) Er(Ar *)rGn, : (L2(Q0))? — (L2(Q))7.
Thus Eg)(}\) =E; ()\) and

(5.29) IED(C)ul| < Jlul-
Furthermore,
(5.30) Qr (Y ED(C)u) = 5 2Q5 () (1) (2 O8) E(C7i.~2) kG, u)

(Here we use Q(u) to denote Q(u,u) for abbreviation.)
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It is straightforward to check that
(5.31) Q% (0u, Ou) = Re (90w, 0u)) + (1/2)((u, [0, Alu))

where 6 is any smooth function on Q and A = [8",6]0 + [0, 0] + 9 [9,06] + [0,6]9". (Here
9 = 527,%9 is the adjoint of @ with respect to the base metric h and fiber metric k¢.) Note
that [0, A] is of zero order and its sup-norm is bounded by a constant independent of k.

It follows from (5.30), (5.31), and the Schwarz inequality that for any u € (L?*(Qy,))?,

l l
(5.32) Qr (B (C)u) < IS ECD ©)ull? + IS TVED (C)ul .
Hence
5 l
(T + On) Y2 ED (C)ul? = Qm<x5k>E$€3<c> )+ I ED(C)ull?
l 4
< IOEED (a2 + xS VB ()ul? + I ED (C)ul?

It then follows from (5.24) that
l/
M (s, B (€)) < A (V) A (7 + 01X, BY(O))
l
(5.33) < A (V) (g (g, BEFV(O)) + A i, B (0))
+ AjH(ngE&g(c»).
Using (5.28), (5.29), and(5.33), we then obtain by an inductive argument on K — (I + ')
that
(5.34) \; (ng)E(l)(C)) < (14 jo 12— H)e/4
12

for any pair of non-negative integers /,1’ such that 0 <7+ < K and for all j > C16,
where (1 is a sufficiently large constant. In particular,

A (X6, Er, (C)) < (14 joR'/2)~Ke/4,

Since E;, (C) has uniformly bounded operator norms, we also have that \;(xs, E-, (C)) < 1.
The trace norm of x5, E-, (C) is then given by
1 1. Ke _1
D NOEELCO)+ 3 MO E () S0 2+ D (147627 Sa 2,
1 1 1
ISk 2 JZok 2 320k 2
Inequality (5.27) is now an easy consequence of the above estimate.

5.4. Estimate of the type. In this section, we prove the necessity in Theorem 1.3. More
precisely, we prove the following:

Proposition 5.6. Let Q) CC X be a smoothly bounded pseudoconvexr domain in a complex
surface. Let E be holomorphic line bundle over € that extends smoothly to bS). Let M > 0.
If for any C > 0, there exists C' > 0 such that Ny(Ck) < C'kM for all sufficiently large
integer k, then the type of the domain of bS) is < 8M.

The proof of the above proposition, using a wavelet construction of Lemarié and Meyer
[LMS86], is a modification of the proof of Theorem 1.3 in [Fu0O5b]. We provide the full
detail below. We begin with the following simple well-known consequence of the min-max
principle.
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Lemma 5.7. Let (Q be a semi-positive, closed, and densely defined sesquilinear form on a
Hilbert space. Let [ be the associated densely defined self-adjoint operator operator. Let
{fup |1 <1<k} CD(Q). Let N and N be the 1"-eigenvalues of operator O and the
hermitian matriz (Q(u;,w;))1<;i<k respectively. If

k k
1D S aw)* = CD ol
=1 =1

for all ¢, € C, then \; > C\;, 1 <1< k.
Proof. By the min-max principle,
= inf{\(L) | L is an [-dimensional subspace of C*}
where
k k
ML) = sup{z c;aQ(uj,up) | (1. .., cr) € L, Z l¢? =1}
=1 I=1

Likewise,
A= inf , €L, =1}
(= dnt sip{QQu ) |uwe L ul = 1)
dim(L)=l
For any [-dimensional subspace L of CF, let L = {Zle qup | (e1,...,¢k) € I:} and let
A(L) =sup{Q(u, u) | u € L, |Jul = 1}.
Then A(L) > CoA(L). Hence \; > Co); for all 1 <1 < k. O
Let 2/ € bQ). We follow the notations and setup as in the proof of Proposition 5.1.
Suppose the type of b2 is > 2m at 2. Then P(z1) = O(|z1|*™). It follows from (5.5) that
Q(z1) = 0. Hence
(5.35) $(21,1m 22) = O(|21*™ + | Tm 2o |21+ + | Tm z5[?|1 ).

Let b(t) be a smooth function supported in [—1/2, 1] such that b(¢) =1 on [0, 1/2] and

V2(t) +b%(t—1) = 1 on [1/2, 1]. Tt follows that {b(t)e*™™* | | € Z} is an orthogonal system*
in L2(R) ([LMS86]; see also [Dau88, HG96]). Write 29 = s +it. Let x be any smooth cut-off
function supported on (—2, 2) and identically 1 on (—1,1) and let

B(z) = (b(t) — it/ (t)s — b"(8)s* /2)x(s/ (1 + [¢])).
Then B(0,t) = b(t) and |0B(22)/07%| < |s|?. Let a(z1) be a smooth function identically
1 on |z1] < 1/2 and supported on the unit disc. For any positive integers j and for any
positive integer [ such that 2™/~1/j <1< 2™ /5 let
w;(z) = 11202001 (2% 51 ) B(22™ 29) 22 22 k()12 (g (7))~ 2y,

where g(z) = det(h;;(2)). For any sufficiently large j, u;; is a compactly supported smooth
(0,1)-form in D (Q%). (Recall that QF is the sesquilinear form associated with the O-
Neumann Laplacian O on  for (0,1)-forms with values in E*.) Moreover, after the
substitutions (21, 2z0) — (272 21,272™ 25), we have

_22mj¢(272jzl7272mjt)
_l/ G(Zl)‘zd‘/b(?«‘l)/ dt/ ’B(ZZ)‘2€47rlst.
C R oo

In fact, it was shown by Lemari¢ and Meyer [LM86] that the Fourier transform of b(t) is a wavelet
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By (5.35), [22MIq)(27 % 21,272™t)| < 272, Note also that 127%™ < j~127™J, Thus

2myj

C2~
hkcp /Ia 21 | )|2dVo (21 / dt/ )|2e47rlsd8
1/2 —C2— 2mj
Z/|a(21)|2d%(21)/ dt/ l€47rlsd82 1
C 0 1

Similarly, ||Uj,lHi21,k¢ < 1, and hence ||uj’l|]i7,w ~ 1. Also, for any [ and [’ such that 2"/ ~1/j <
LU <2m)j,

—22MIep(27 20 21,272 ™MIt) o
((ujps wjo) ) n gy = m/ \a(21)|2dV0/ dt/ | B(z9) |22 (s =00 g g
C R —o0

We decompose the above integral into two parts. Let A be the above expression with the
upper limit in the last integral over s replaced by 0 but keep the lower limit. Let B likewise
be the expression with the lower limit replaced by 0 but keep the upper limit. Hence
((uji, wjr))nre = A+ B. We first estimate B:

—22migp(27 27 21,27 2MI¢) ,
1B| < \/w/ |a(zl)|2dV0/dt/ | B(z9)]2e>H1)5 g
C R 0

i C(l1+1)2=2mi :—1o—mj
Nl—|—l’<1_e )Sj 2 .

To estimate |A|, we use the orthogonality of the system of functions {b(t)e*™ | I € Z} in
L2(R). It follows that if [ # I, then

0
A= \/ﬁ/ |a(21)|2dV0/ dt/ (|B(S,t)’2 _ ‘B(O,t)’Q) e27r((l+l/)s+i(l—l/)t) ds.
C R —00
Therefore,
\Ay<f/|azlydv0/ dt/ s gs < VW1 +1)? < j~ram,

For sufficiently large j and for any k, | such that 2™9=1/j < [, I’ < 2™ /j | # I', we then
have,

||UJ,

|((wsa, wju ) el S 57127

For any ¢; € C, we have

ZIC:\ vl e = D e (g, wi)n ke

L
12

> Z et llwjillf g — 37127 ZCI‘Z
1
2(1-5? Z|Cl| >Z|Cl|2

where the summations are taken over all integers [ between 27771 /j and 2™/ /j.
Write L’lw = e"Lie 5. Then

(5.36) Q6 (ujt,ujp) S
Recall that

2 - k
ko T I1D2wgll7 g + 127050117 g

p(z) = O(|2]) and  |hj(2) = 0l S |zl.
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Moreover,
_ 0 0
Lo = — 1)—
2= O((al) -+ 0(1) 5
and
L= 0(1)—8 + O(\,271|2m_1 + | Im z3||z1|™ + | Im ,2:2|2)—8
021 0z

Let k = 2%. Tt follows that when |21| < 27% and |zo| < 272",
klo(2)| 1 and  k|[Ve(2)| < 2%

Therefore, on the one hand,

3“1, Oujt o

”h ko HTEQ h,ke

. ' 1 —22MIp(27% 21,272t 9B
5 24] + 24m]/ |a(21)|2 dVo/ dt/ l‘*_ 2647rls ds
C -1 —00 07y

. A 1 Cc272mj
< oY 4 24”“/ la(z1)[? dVO/ dt/ Iste*™s ds
C —1 —00

< 24 odmip—4 < ol
On the other hand,

I Zowsallfng S izl 52

8u ou;
k ! !
v (kv@)quHhk@ ” Hhk<p+ ” |Zl|2m 1—|—|t|]21|m—|—t2) - Hhkso
c2— 2myj
< 2% 4 9~ dmitd] / la(z Zdvo/ dt/ Bet™s ds
< 2%,
We thus have
(5.37) Q6 (wjz, uz) S 29

Let A, be the I eigenvalues of Dg. The hypothesis of Proposition 5.6 implies that
(5.38) Ak > Ck

when [ > C’kM. Proving by contradiction, we suppose that M < m/4. It follows from
Lemma 5.7 and (5.38) that,

—12m] j—lzmj 1
(5.39) > Q6w ug) > Z Apg > C(G72mi=t — ¢'EM)E,
l: —1lomj—1

Combining (5.37) and (5.39), we then have
jotemitlot > (it — C'kM k.
Dividing both sides by k = 2% and j712"/~1, we obtain
1> C(1 — ¢2UM=m)j+ly

Since by assumption, C' can be chosen arbitrarily large, we arrive at a contradiction by
letting 7 — oo. We thus conclude the proof of Proposition 5.6.



26

[And63]

[And73]
[BFe78

[Ber04]
[Ber05]
[Bis86]

[BSt99]

[Bou89]
[Ca83]

[Ca84b]

[DF77]
[FoK72]
[FoS89]

[Fu05)
[Fu05b]

[FS02]

SIQI FU AND HOWARD JACOBOWITZ

REFERENCES

A. Andreotti, Theoreme de dependance algebrique sur les espaces complexes pseudo-concaves,
Bull. Soc. Math. France 91 (1963), 1-38.

, Nine lectures on complex analysis, Complex Analysis, C.I.M.E., 1-176, 1973.

E. Bedford and J.E. Fornaess, Local extension of CR functions from weakly pseudoconvex bound-
aries, Michigan Math. J. 25 (1978), 259-262.

R. Berman, Bergman kernels and local holomorphic Morse inequalities. Math. Z. 248 (2004),
no. 2, 325-344.

, Holomorphic Morse inequalities on manifolds with boundary. Ann. Inst. Fourier (Greno-
ble) 55 (2005), no. 4, 1055-1103.

J.-M. Bismut, The Witten complex and degenerate Morse inequalities, Jour. of Diff. Geom. 23
(1986), 207-240.

H. P. Boas and E. J. Straube, Global reqularity of the O-Neumann problem: a survey of the
L?-Sobolev theory, Several Complex Variables (M. Schneider and Y.-T. Siu, eds.), MSRI Pub-
lications, vol. 37, 79-112, 1999.

Th. Bouche, Inégalités de Morse pour la d’-cohomologie sur une variété holomorphe non com-
pacte, Ann. Sci. cole Norm. Sup. (4) 22 (1989), no. 4, 501-513.

D. Catlin, Necessary conditions for subellipticity of the -Neumann problem, Ann. of Math. (2)
117 (1983), no. 1, 147-171.

, Global regularity of the 0-Neumann problem, Complex Analysis of Several Variables
(Yum-Tong Siu, ed.), Proceedings of Symposia in Pure Mathematics, no. 41, American Math-
ematical Society, 39-49, 1984.

, Subelliptic estimates for the d-Neumann problem on pseudoconver domains, Ann. of
Math. (2) 126 (1987), no. 1, 131-191.

, Estimates of invariant metrics on pseudoconvexr domains of dimension two, Math. Z.
200 (1989), 429-466.

S.-C. Chen and M.-C. Shaw, Partial differential equations in several complex variables, Amer.
Math. Soc., Providence, RI, 2000.

M. Christ and S. Fu, Compactness in the 0-Neumann problem, magnetic Schrdinger operators,
and the Aharonov-Bohm effect. Adv. Math. 197 (2005), no. 1, 1-40.

J. D’Angelo, Real hypersurfaces, orders of contact, and applications, Ann. of Math. (2) 115
(1982), no. 3, 615-637.

, Several complex variables and the geometry of real hypersurfaces, Studies in Advanced
Mathematics, CRC Press, Boca Raton, FL, 1993.

I. Daubechies, Ten lectures on wavelets, CBS-NSF Regional Conferences in Applied Math.,
vol. 61, STAM, Philadelphia, PA, 1992.

E. B. Davies, Spectral theory and differential operators, Cambridge University Press, 1995.
J.-P. Demailly, Complex analytic and algebraic geometry, book available at
http://www-fourier.ujf-grenoble.fr/~ demailly /books.html.

, Champs magntiques et ingalits de Morse pour la d’-cohomologie. Ann. Inst. Fourier
(Grenoble) 35 (1985), no. 4, 189-229.

, Holomorphic Morse inequalities. Several complex variables and complex geometry, Part
2 (Santa Cruz, CA, 1989), 93-114, Proc. Sympos. Pure Math., 52, Part 2, Amer. Math. Soc.,
Providence, RI, 1991.

K. Diederich and J. E. Fornaess, Pseudoconvex domains: Bounded strictly plurisubharmonic
ezhaustion functions, Inventiones Mathematicae 39 (1977), 129-141.

G. B. Folland and J. J. Kohn, The Neumann problem for the Cauchy-Riemann complex, Annals
of Mathematics Studies, no. 75, Princeton University Press, 1972.

J. E. Fornaess and N. Sibony, Construction of p.s.h. functions on weakly pseudoconver domains,
Duke Math. J. 58 (1989), 633-655.

S. Fu, Hearing pseudoconvezity with the Kohn Laplacian, Math. Ann. 331 (2005), 475-485.

, Hearing the type of a domain in C? with the 0-Neumann Laplacian, Adv. Math. 219
(2008), no. 2, 568-603.

S. Fu and E. J. Straube, Semi-classical analysis of Schrdinger operators and compactness in
the O-Neumann problem. J. Math. Anal. Appl. 271 (2002), no. 1, 267-282.




[G53]

[GR70]
[HNO5)]
[HS85]

[HG96]
[H65]

[H90]
[Ko63]
[Ko64]
[KoT2]
[LM86]
[MMO7]
[Mar96]
[Mc89]
[Me81]
[Mil63]
[NRSW89)]
[082]
[002]
[Sib87]

[Sib8Y]

[Sie55]
[Siugs]
[Siu96]
[Ta83]

[Th54]
[Tre86]

[WS0]

27

L. Garding, On the asymptotic distribution of the eigenvalues and eigenfunctions of elliptic
differential operators, Math. Scand. 1(1953), 237-255.

H. Grauert and O. Riemenschneider, Verschwindungssdtze fiir analytische Kohomologiegruppen
auf Komplexe Ratime, Invent. Math. 11 (1970), 263-292.

B. Helffer and F. Nier, Hypoelliptic estimates and spectral theory for Fokker-Planck operators
and Witten Laplacians. Lecture Notes in Mathematics, vol. 1862. Springer-Verlag, Berlin, 2005.
B. Helffer and J. Sjostrand, Puits multiples en mécanique semi-classique 1V: Edude du complexe
de Witten, Comm. P.D.E. 10 (1985), 245-340.

E. Hernédndez and G. Weiss, A first course on wavelets, CRC Press, 1996.

L. Hérmander, L? estimates and existence theorems for the & operator, Acta Math. 113 (1965),
89-152.

, An introduction to complex analysis in several variables, third ed., North-Holland,

1990.

J. J. Kohn, Harmonic integrals on strongly pseudo-conver manifolds, I, Ann. of Math. (2) 78
(1963), 112-148.

, Harmonic integrals on strongly pseudo-convex manifolds, II, Ann. of Math. (2) 79
(1964), 450-472.

, Boundary behavior of O on weakly pseudo-convex manifolds of dimension two, J. of
Differential Geometry 6 (1972), 523-542.

P. G. Lemarié and Y. Meyer, Ondelettes et bases hilbertiannes, Rev. Mat. Iberoamericana 2
(1986), 1-18.

X. Ma and G. Marinescu, Holomorphic Morse inequalities and Bergman kernels, Progress in
Mathematics, vol. 254, Birkhuser Verlag, Basel, 2007.

G. Marinescu, Asymptotic Morse inequalities for pseudoconcave manifolds, Ann. Scuola Norm.
Sup. Pisa Cl. Sci. (4) 23 (1996), no. 1, 27-55.

J. McNeal, Boundary behavior of the Bergman kernel function in C?, Duke Math. J. 58 (1989),
no. 2, 499-512.

G. Metivier, Spectral asymptotics for the O-Neumann problem, Duke Math. J. 48 (1981), 779-
806.

J. Milnor, Morse theory. Based on lecture notes by M. Spivak and R. Wells. Annals of Mathe-
matics Studies, No. 51 Princeton University Press, Princeton, N.J. 1963.

A. Nagel, J. P. Rosay, E. M. Stein, and S. Wainger, Estimates for the Bergman and Szegd
kernels in C?, Ann. of Math. 129(1989), 113-149.

T. Ohsawa, Isomorphism theorems for cohomology groups of weakly 1-complete manifolds, Publ.
Res. Inst. Math. Sci. 18 (1982), no. 1, 191-232.

, Analysis of several complex wvariables, Translations of Mathematical Monographs,
vol. 211, American Mathematical Society, Providence, RI, 2002.

N. Sibony, Une classe de domaines pseudoconvezes, Duke Mathematical Journal 55 (1987),
no. 2, 299-319.

, Some aspects of weakly pseudoconvex domains, Several Complex Variables and Complex
Geometry, edited by E. Bedford et al, Proceedings of Symposia in Pure Math., Vol. 52, Part
1, 199-232, AMS, 1989.

C. L. Siegel,Meromorphe Funktionen auf kompakten analytischen Mannigfaltigkeiten, Nachr.
Aka. Wiss. Gottingen, 1955, 71-77.

Y.-T. Siu, Some recent results in complex manifold theory related to vanishing theorems for the
semi-positive case, Lecture Notes in Math., vol. 1111, 169-192, Springer-Verlag, 1985.

, The Fujita conjecture and extension theorem of Ohsawa-Takegoshi, Geometric complex
analysis (Hayama, 1995), edited by J. Noguchi et al, 577-592, World Scientific, Singapore, 1996.
K. Takegoshi, Global regularity and spectra of Laplace-Beltrami operators on pseudoconvex do-
mains, Publ. Res. Inst. Math. Sci. 19 (1983), no. 1, 275-304.

W. Thimm, Meromorphe Abbildungen von Riemannschen Bereichen, Math. Z. 60, (1954). 435—
457.

J.-M. Trepreau, Sur le prolongement holomorphe des fonctions C-R défines sur une hypersurface
réelle de classe C* dans C™, Invent. Math. 83 (1986), no. 3, 583-592.

J. Weidmann, Linear operators in Hilbert spaces, Graduate texts in mathematics, vol. 68,
Springer-Verlag, 1980.




28 SIQI FU AND HOWARD JACOBOWITZ

[W82] E. Witten, Supersymmetry and Morse theory. J. Differential Geom. 17 (1982), no. 4, 661-692
(1983).
[Z01] W.-P. Zhang, Lectures on Chern-Weil theory and Witten deformations. Nankai Tracts in Math-

ematics, vol. 4, World Scientific Publishing Co., Inc., River Edge, NJ, 2001.

DEPARTMENT OF MATHEMATICAL SCIENCES, RUTGERS UNIVERSITY, CAMDEN, NJ 08102
E-mail address: sfu@camden.rutgers.edu, jacobowi@camden.rutgers.edu



