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Abstra t
We onsider the sum oloring and sum multi oloring problems on several fundamental lasses of graphs, in luding the lasses of interval and k - law free graphs. We give
an algorithm that approximates sum oloring within a fa tor of 1:796, for any graph
in whi h the maximum k - olorable subgraph problem is polynomially solvable. In parti ular, this improves on the previous best ratio known of 2 for interval graphs. We
introdu e a new measure of oloring, robust throughput, that indi ates how `qui kly'
the graph is olored, and show that our algorithm approximates this measure within
a fa tor of 1.4575. In addition, we study the ontiguous (or non-preemptive) sum
multi oloring problem on k - law free graphs. This models, for example, the s heduling
of dependent jobs on multiple dedi ated ma hines, where ea h job requires the ex lusive
use of at most k ma hines. Assuming that k is a xed onstant, we obtain the rst
onstant fa tor approximation for the problem.
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Introdu tion

We onsider the problem of graph multi oloring, with the obje tive of minimizing the sum
of highest olors. A multi oloring of a graph assigns to ea h vertex a olle tion of integers
( olors) so that the sets of olors assigned to a given pair of adja ent verti es are disjoint.
The sum multi oloring of an assignment is the sum over all verti es v of the highest olor
assigned to v. We need to nd an assignment of olors to the verti es, su h that sum
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multi oloring is minimized.1 This is known as the sum multi oloring (SMC) problem (see,
e.g. [BHK+ 00℄). In the spe ial ase where ea h vertex is assigned a single olor, our obje tive
is to minimize the total sum of the olors assigned to the verti es, or the sum oloring of
the assignment. This is known as the sum oloring (SC) (or hromati sum) problem (see,
e.g., [BK98, BHK99, KKK89, NSS99℄).
The sum oloring and sum multi oloring problems often model s heduling jobs whi h are
dependent be ause they utilize the same non-sharable resour e. The ex lusivity requirement
an be aptured by a graph of the pairwise on i ts; the verti es of the graph represent the
jobs, and an edge in the graph between two verti es represents a dependen y or on i t
between the two orresponding jobs, whi h forbids s heduling these jobs at the same time.
Assuming that jobs may have arbitrary integral exe ution times, a s hedule of the jobs
orresponds to a multi oloring of the graph, where ea h vertex is assigned as many olors
as the pro essing time of the orresponding job. The large body of resear h on oloring
various lasses of graphs therefore translates to statements about the qualities of s hedules.
We elaborate on that in Se tion 1.1.

1.1 De nitions
Colorings Let G = (V; E ) be a undire ted graph, possibly with vertex weights. We
denote by n the number of verti es. A oloring of a graph is an assignment : V (G) ! IN+
of positive integers to the verti es su h that adja ent verti es are assigned di erent olors.
The verti es re eiving the same olor then form an independent set and are alled a olor
lass.
The hromati number of G, denoted by (G), is the minimal number of olors required
for oloring the verti es in G properly. The hromati sum of is the sum of the olors
P
assigned to the verti es, or SC(G; ) = v (v). The sum oloring problem is that of nding
a oloring of a given graph G with the minimum hromati sum SC(G). We also denote by
SC(G; Alg) the hromati sum of the oloring found by a given algorithm Alg.
In the maximum size k- olorable subgraph problem we seek a k- olorable subgraph of
maximum ardinality, i.e. an indu ed subgraph whose hromati number is at most k. The
maximum size k- olorable subgraph problem is solvable, for example, on interval graphs,
by a greedy algorithm [YG87℄, on hordal graph with onstant maximum lique size (or
k-trees), and on omparability graphs and their omplements [F80℄ (see below the pre ise
de nitions of these lasses). This holds also for the vertex-weighted problem, where we
seek a k- olorable subgraph of maximum total weight. We denote by k (G) the size of the
maximum k- olorable subgraph in G.
The throughput of a partial oloring is the number of verti es olored. The maximum
throughput possible with k olors is k (G), the size of a maximum k- olorable subgraph.

1 The pre ise de nition is given in Se tion 1.1.
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Given an algorithm that nds a oloring with olor lasses I1 ; I2 ; : : :, we an ask, for any
P
given k, for the throughput of the rst olor lasses, T hr( ; k) = ki=1 jIi j, and ompare
that to the optimal throughput after k olors, k (G). We say that the throughput of a
oloring is robust, if it is good for ea h value of k simultaneously. The robust throughput
(RT) measure of a oloring
ompares the throughput to the optimal throughput for ea h
olor bound k, and takes the maximum. That is,
k (G)
:
k T hr ( ; k )

RT(G; ) = max

The robust throughput problem is to nd a oloring that minimizes RT(G; ).
An instan e of a multi oloring problem is a pair (G; x), where G = (V; E )
is a graph, and x is a ve tor of olor requirements (or lengths) of the verti es. For a given
instan e, we denote by p = maxv2V x(v) the maximum olor requirement. A multi oloring
+
of G is an assignment : V ! 2N , su h that ea h vertex v 2 V is assigned a set of x(v)
distin t olors, and adja ent verti es re eive non-interse ting sets of olors.
Taking the ue from the relation to s heduling (see below), a multi oloring is alled
non-preemptive if the olors assigned to ea h vertex are ontiguous, i.e. if for any v 2 V ,
(maxi2 (v) i) (mini2 (v) i) + 1 = x(v). Otherwise, it is preemptive.
Denote by f (v) = maxi2 (v) i the largest olor assigned to v by a multi oloring . The
sum multi oloring (SMC) of on G is
Multi olorings

SMC(G; ) =

X

v2V

f (v) :

The SMC problem is to nd a multi oloring , su h that SMC(G; ) is minimized; the nonpreemptive version is npSMC. When all the olor requirements are equal to 1, the problem
redu es to the sum oloring (SC) problem.
As mentioned above, many s heduling problems an be represented as graph oloring problems. Traditionally, su h problems arise in
relation with timetabling. In general, they o ur when jobs (represented by verti es in the
graph) may on i t due to the fa t that they need ex lusive use of some resour es. When
the jobs are of di erent lengths (under some dis rete measure), we obtain a multi oloring instan e; when the lengths are identi al, we obtain an ordinary graph oloring instan e. When
jobs must be run without interruption, we have a non-preemptive instan e, and otherwise
preemptive.
There are several measures that are onsidered for s hedules. One is the makespan,
or the time from the start to nish; this orresponds to the number of olors used in the
(multi) oloring. Another measure is the sum of ompletion times of the jobs, or equivalently
Relationships of olorings and s hedules
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the average ompletion time. This orresponds to, and is a primary motivation for, the sum
(multi) oloring measure.
The robust throughput measure that we study here was previously studied in the area
of ombinatorial optimization (see, e.g., [HR02℄). Generally, robust throughput examines
the overall amount of \work" done until any given moment, throughout the exe ution of an
algorithm. It may be viewed as a stronger version of the traditional throughput measure
that is ommonly studied in real-time s heduling (see, e.g. [BG+ 01℄).
We de ne below the graph lasses for whi h we derive our results.
Comparability graphs: An undire ted graph is a omparability graph if it admits a
transitive orientation, namely, it is possible to give a single dire tion to every edge (a; b) 2 E
so that if (a; b) is dire ted from a to b and (b; ) is dire ted from b to , then (a; ) (exists
and) is dire ted from a to . Co- omparability graphs are the omplements of omparability
graphs.
A spe ial lass of omparability graphs is the lass of permutation graphs. A permutation
graph is de ned in terms of a permutation of the numbers f1; : : : ; ng. The mat hing diagram
is obtained by writing the sequen e of integers in a horizontal row and the sequen e of its
permuted values in another row below it, and by drawing n straight line segments between
the two 1's, the two 2's, et . Given some permutation , the graph G() orresponding to
 has verti es f1; : : : ; ng and i; j are joined by an edge in G() if their lines interse t. A
graph is alled a permutation graph if there exists a permutation  su h that G = G(). It
is known that a graph G is a permutation graph if and only if G is both omparable and
o- omparable ( .f., [G80℄.)
Interval graphs: A graph G is an interval graph if its verti es an be mapped to intervals on the real line so that two verti es are adja ent in G if and only if their orresponding intervals interse t. It is well known that interval graphs are o- omparability graphs
( .f., [F95, FMW97℄). A more general lass of interse tion graphs of geometri obje ts are
trapezoid graphs. They generalize to m-trapezoid graphs whi h form a proper hierar hy of
o- omparability graphs, with m = 0 orresponding to interval graphs, m = 1 orresponding to trapezoid graphs, and m = 1 orresponding to o- omparability graphs. Refer to
[F95, FMW97℄ for de nitions of these graph lasses.
(k + 1)- law free graphs: A graph G is (k + 1)- law free if it does not ontain the star
K1;k+1 as an indu ed subgraph. Claw-free graphs are those that are 3- law free. Examples
of k + 1- law free graphs in lude
Graph lasses



Line graphs: The line graph L(G) is the edge-adja en y graph of a graph G(V; E ).
Namely, the edges of G are the verti es of L(G), and two verti es of L(G) are joined
in E (L(G)) if the two orresponding edges share a vertex in G. Any line graph is a
law-free graph.
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Proper interval graphs: These are interse tion graphs of a family of intervals, so that
no interval in the family is ontained in another interval. Clearly, a proper interval
graph is law free.



Unit ir le interse tion graphs: In these graphs the verti es orrespond to unit irles in the plane and two verti es are joined by an edge if the two orresponding
ir les interse t. It is known that unit ir le interse tion graphs are 6- law free (see,
e.g., [MB+ 95℄).

The graph lass that is most relevant for our appli ations is the lass of interse tion
graphs of hypergraphs of sets of size at most k. Formally, onsider a bipartite graph
B (V1 ; V2 ; E ) so that all edges ross from V1 to V2 . Let deg(v) denote the number of neighbors
of v and assume that maxv2V1 deg(v) = k. Form a new graph alled the interse tion graph
G of B so that its verti es are the V1 verti es, and two verti es u; v 2 V1 are adja ent in G
if and only if they have a mutual neighbor in B . Observe that the neighborhood in G of
every vertex v an be de omposed into a union of at most k liques. Thus, the graph G is
(k + 1)- law free.
This example is of parti ular importan e as it an represent a s enario of dedi ated
tasks. The olle tion of jobs is represented by V1 ; V2 represents the pro essors and an edge
exists in B if the respe tive job requires the use of the pro essor. The above (k + 1)- law
free example o urs if every job requires the use of at most k pro essors.
Partial k-trees: A graph is a k-tree if it an be onstru ted in rementally, so that in
ea h iteration a new vertex is added and made adja ent to a lique of size k already in the
graph. A partial k-tree is a subgraph of a k-tree.
Examples: Trees are partial 1-trees. Outerplanar graphs, namely, planar graphs that an
be embedded in the plane so that all the verti es lie on the exterior fa e, are partial 2-trees.
Series parallel graphs (see e.g., [BF96℄) are partial 2-trees as well. Another example is
hordal graph, whi h does not ontain a y le of length 4 (or more) as an indu ed subgraph.
If in addition to being hordal, the graph has maximum lique size k, then the resulting
graph is a partial k-tree.
The above notions are losely related. For example, a split graph is a graph that an be
de omposed into a lique and an independent set with arbitrary edges between them. It is
easy to see that a split graph is hordal. A large group of split graphs are also omparability
graphs (see [G80℄).

1.2 Our results
The urrent paper has two parts. In the rst part, in Se tion 2.1, we dis uss the sum
oloring problem. Our main result is an approximation algorithm with a performan e
ratio of 1:796 for SC. The algorithm runs in polynomial time on graphs for whi h the
5

maximum indu ed k- olorable subgraph problem is solvable in polynomial time. This lass
in ludes omparability graphs and their omplements ( o- omparability graphs), whi h in
turn in lude interval, trapezoid, and permutation graphs. They also in lude partial k-trees.
Of parti ular interest is the lass of interval graphs, for whi h we improve the best previously
known approximation ratio of 2 [NSS99℄ for sum oloring. The algorithm approximates also
the hromati number and the robust throughput of a given graph, the former within fa tor
2:718 and the latter within fa tor 1:4575.
In the se ond part of the paper, Se tion 3, we dis uss the sum multi oloring problem.
Our main result is a 2k(2k 1)-approximation for (k +1)- law free graphs, and in parti ular
12-approximation for line graphs. The spe ial ase of line graph has important appli ations,
e.g, in bipro essor s heduling and data migration (see below). More generally, an O(1)
approximation is derived, where k is a xed onstant. The previously best ratio known for
this problem was log n [BHK+ 00℄.2
Among other appli ations our approximation en ompasses dedi ated pro essor s heduling, where the number of pro essors required by any job is at most k. We elaborate on that
in Se tion 1.4. The result is extended in Se tion 3.3 to yield the same approximation ratio
for the problem of minimizing the weighted sum of ompletion times of dedi ated tasks with
P
release times, P j xj ; rj j j wj Cj . However, we rst dis uss the unweighted ase without
release times, so as to make the exposition simpler.

1.3 Appli ations of sum oloring to s heduling problems
We list below some appli ations that give rise to the sum oloring problem in ( o-) omparability
graphs and intervals graphs.
Consider a railroad rossing, in whi h a set of n railroads, numbered
by 1; : : : ; n, interse t, and ex hange their relative lo ations; that is, the i-th railroad be omes
the (i)-th railroad after the interse tion, where  is a permutation of (1; : : : ; n) (See in
Figure 1). The goal is to s hedule the arrivals of the trains to the interse tion, su h that
two on i ting trains ross at distin t time intervals. When our obje tive is to minimize
the average time that it takes for the trains to ross the interse tion, we get an instan e of
the SC problem on permutation graph.

Train s heduling:

VLSI design: In the wire-minimization problem [NSS99℄, terminals lie on a single verti al
line (ea h terminal is represented by an interval on this line), and with unit spa ings are verti al bus lanes. Pairs of terminals are to be onne ted via horizontal wires on ea h side to a
verti al lane, with non-overlapping pair utilizing the same lane. With the verti al segments
xed, the wire ost orresponds to the total length of horizontal segments. Numbering the

2 Unless spe i ed otherwise, all the logarithms in the paper are to the base of 2.
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Figure 1: A train s heduling example: (a) a 5-railroad rossing; (b) The interse tion graph
of the railroad system.
lanes in in reasing order of distan e from the terminal line, lane assignment to a terminal orresponds to oloring the terminal's interval by an integer. The wire-minimization
problem then orresponds to sum oloring an interval graph.
Storage allo ation in a warehouse involves minimizing the total distan e traveled by a robot [W97℄. Goods are he ked in and out at known times; thus, goods
that are not in the warehouse at the same time an share the same lo ation. We represent
ea h of the goods by an interval on the line, whi h gives the time interval in whi h it is
available at the warehouse. Numbering the storage lo ations by their distan e from the
ounter, the total distan e orresponds to sum oloring the intervals formed by the goods.
Storage allo ation:

In a path network, pairs of nodes need to ommuni ate,
for whi h they need use of the intervening path. If two paths interse t, the orresponding
sessions annot be held simultaneously. In this ase, it would be natural to expe t the
sessions (i.e., \jobs") to be of di erent lengths, leading to the sum multi oloring problem
on interval graphs.
Session s heduling on a path:

1.4 Appli ations of sum multi oloring
Instan es of sum multi oloring on (k + 1)-free graphs are derived mainly from appli ations
that involve resour e onstrained s heduling. Consider the following s enario that exempli es the problem. bf Example. Suppose that a set of jobs J1 ; : : : ; J6 is initiated in a
distributed omputing environment. Ea h of the jobs is available to run on a di erent proessor, however, the jobs share a esses to a set of les f1 ; : : : ; f5 , stored on the network le
system. In parti ular, J1 ; J2 ; J5 and J6 require read/write operations in the les f1 ; f2 ; f3
and f4 respe tively. J3 needs to opy data from f1 ; f2 to f5 ; J4 requires simultaneous reading of the ontents of f3 ; f4 into the le f5 . The exe ution time of J1 ; J2 ; J5 ; J6 is one unit,
7
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Figure 2: Resour e onstrained s heduling (Example 1): (a) the on i t graph; (b) A
s hedule that minimizes overall ompletion time; ( ) a s hedule that minimizes sum of
ompletion times
while J3 ; J4 require 2 time units ea h. Note that ea h of the jobs requires an ex lusive a ess
to the orresponding le/s throughout its exe ution. While we an s hedule the jobs su h
that the latest ompletion time is 4, the only s hedule that minimizes average ompletion
time (or, equivalently the sum of ompletion times) is the one that s hedules the unit-length
jobs rst, using a total of 5 time units. This is illustrated in Figure 2.
Generally, in resour e- onstrained s heduling we are given a olle tion of n jobs of integral lengths and a olle tion of resour es. We assume that ea h job requires an ex lusive
a ess to parti ular subset of the resour es to exe ute. The resour e- onstrained s heduling problem an then be modeled as a multi oloring problem on the on i t graph. We
address here the ase where ea h task uses up to k resour es. Hen e, the on i t graph is
an interse tion graph of a olle tion of sets of size at most k, and is thus k + 1- law free.
A natural example of a limited resour e is pro essors in a multi-pro essor system. In
the bipro essor task s heduling problem, we are given a set of jobs and a set of pro essors,
and ea h job requires the ex lusive use of two dedi ated pro essors. We are interested in
nding a s hedule, whi h minimizes the sum of ompletion times of the jobs. In s heduling
P
terms, this problem is denoted by P j xj j Cj with j xj j = 2, where the se ond term
indi ates that ea h job requires a xed subset of ma hines, and the last term denotes the
sum of ompletion times measure. In the spe ial ase of two resour es per task, su h as the
bipro essor task s heduling problem, the on i t graph is a line graph.
Another appli ation of sum multi oloring of (k + 1)-free graphs is s heduling data migration over a network (see, e.g., [CG+ 85, K03℄). 3

1.5 Related work
The sum oloring problem was introdu ed in [K89℄, and the sum multi oloring (SMC) problem
in [BHK+ 00℄. The paper studies two variants of SMC. In the non-preemptive SMC (npSMC), we
3 Can we de ne this problem here, brie y. {MMH
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require that the set of olors assigned to ea h vertex is ontiguous, while in the preemptive
SMC (pSMC) we allow any proper oloring of G. Table 1 summarizes the known results for
these problems in various lasses of graphs. New bounds given in this paper are shown
in boldfa e. The last two olumns give known upper bounds for preemptive and nonpreemptive SMC. Entries marked with  follow by inferen e, either by using ontainment of
graph lasses ( omparability and interval graphs are perfe t), or by SC being a spe ial ase
of SMC. When omitted, [BBH+ 98℄ is the referen es for SC and [BHK+ 00℄ for SMC.
SC

General graphs
Perfe t graphs
Comparability
Interval graphs
Bipartite graphs
Line graphs
Partial k-trees
Planar graphs
Trees
k + 1- law free

u.b.



4
1.796

SMC

l.b.

n

1






pSMC

n= log n
2

16

(2 [NSS99℄)
> 1 [G01℄
10=9 [BK98℄
> 1 [BK98℄
2
NPC
1 [J97℄

NPC [HK99℄
1 [K89℄
k+1
1.796

7.184



1.5
2
PTAS [HK99℄
PTAS [HK99℄
PTAS [HK+ 99℄
k+1

npSMC

n= log n
O(log n)




2.8
12

FPAS [HK99℄
PTAS [HK99℄
1 [HK+ 99℄
4k2

2k

Table 1: Known results for sum (multi-) oloring problems
Resour e- onstrained s heduling has re ently been investigated in the literature (see,
e.g., [BKR96, K96℄). Kubale [K96℄ studied the omplexity of s heduling bipro essor tasks.
He also investigated spe ial lasses of graphs, and showed that npSMC of line graphs of trees
is NP-hard in the weak sense. Afrati et al. [AB+ 00℄ gave a polynomial time approximation s heme for the problem that we onsider, minimizing the sum of ompletion times of
dedi ated tasks. However, their method applies only to the ase where the total number
of pro essors is a xed onstant. Later their results were generalized in [FJP01℄ to handle
weighted ompletion times and release times.
Very re ently, our results for SMC on k- law free graphs were improved in [K03℄, using
methods due to [CP+ 96℄. The approximation ratio for line graphs (bi-pro essor tasks) was
improved to 10, and for general k the bound was improved to O(k). It is worth while
noting that the [K03℄ paper uses exponentially large linear programs, that are solved with
the ellipsoid method. Our algorithm has the advantage of being a mu h faster simple greedy
ombinatorial algorithm, that an be used in an online setting (see Se tion 3.3).
Co man et al. [CG+ 85℄ studied non-preemptive multi oloring of line graphs so as to
minimize the overall number of olors (or makespan), whi h arises in the le transfer prob9

lem. They showed that a lass of greedy algorithms yields a 2-approximation and gave a
(2+ )-approximation for a version with more general resour e onstraints. A omprehensive
survey of other known results for s heduling dedi ated tasks, so as to minimize the overall
ompletion time is given in [BC+ 00℄.
Few analyses have been done on the robust
p throughput measure. Hassin and Rubinstein [HR02℄ gave an optimal bound of 2 for maximum (partial) weighted mat hing,
improving on the obvious bound of 2 for a greedy sele tion.
2

Approximating Sum Coloring of Interval and Comparability Graphs

We onsider algorithms for sum oloring on natural lasses of graphs, and pro eed to dis uss
the less studied measure of robust throughput. In Se tions 2.1{2.3 we give a parameterized algorithm, ACS, and analyze its performan e in terms of the sum oloring, robust
throughput, and hromati number measures.

2.1 An Algorithm Based on Finding k-Colorable Subgraphs
A ommon oloring strategy that often works well in pra ti e is to iteratively olor large
independent sets. If we an nd maximum independent sets, this is the MaxIS algorithm
of [BBH+ 98℄ whi h gives a 4-approximation for sum oloring. To improve on this idea, we
may look towards generalizations. Viewing independent sets as 1- olorable subgraphs, we
are easily led to the generalization of iteratively oloring maximum k- olorable subgraphs.
The algorithm s hema ACS (Assign Color Sets) olors subgraphs in rounds; in round
i it nds and olors a i - olorable subgraph, where 0 ; 1 ; : : : is a geometri ally in reasing
sequen e. The rounds orrespond to the iterations of the main loop of ACS.
ACS assumes as a subroutine an algorithm kIS(G,k ) for nding a maximum k - olorable
subgraph, where k an be as large as the hromati number of G. Su h an algorithm an
be run re ursively to obtain a k- oloring of the subgraph that it nds. Namely, if Hk =
kIS(G, k ), we an obtain Hi = kIS(Hi+1 , i), for i = k 1; k 2; : : : ; 0, with the olor lasses
being V (Gi ) V (Gi 1 ), for i = 1; : : : ; k (here, H0 denotes the empty graph).
Given parameters q  1 and 2 [0; 1), we denote by i = bqi+ the number of olors
P
used in round i; `i = ij =01 j is the number of olors used by ACS before round i.
In the ourse of the analysis of the algorithm, we shall determine the optimal hoi e of
the parameter q for the optimization measures at hand. The parameter will be hosen
uniformly at random from the interval [0; 1). This an be simulated deterministi ally within
any desired pre ision by trying all suÆ iently losely spa ed values in the range [0; 1). The
MaxIS algorithm of [BBH+ 98℄ orresponds to the hoi e of q = 1 and = 0, i.e., in ea h
step a single independent set is extra ted from the graph.
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Figure 3: The oloring algorithm ACS

2.2 The Chromati Sum of Algorithm ACS
In our analysis, we relate the quality of the algorithm's solutions to the optimal solutions
via two intermediate fun tions. These fun tions ll the role of normalizing the olor values
given by the two solutions, as if the olors assigned in ea h round ontribute equally to the
obje tive fun tion. A primary motivation is to deal with the non-uniform randomness of
the olor of ea h individual vertex. We onsider instead the random boundary of the range
of olors used in ea h round, and ompare it to a non-random representative vertex.
The following de nitions are used throughout this subse tion. We denote by
the
oloring produ ed by ACS, for a given xed . Let gv denote the round in whi h ACS olors
v. Formally, g : V ! IN is de ned by g(v) = gv = i su h that `i  (v) < `i+1 . Let (i)
denote the average of the olors used by ACS in round i, or

(i) = `i + ( i + 1)=2:

(1)

Let OPT (G) denote the optimal sum oloring of G.
Let h : V ! IN be de ned by
h(v) = hv = i su h that i 1 < OPT (v)  i . For onvenien e, let 1 denote 0. Note that
the quantities and fun tions gv ; hv ; i ; `i and (i) are all fun tions of and q, even if not

expli itly marked so.
We note that average of the olors of the verti es olored in round i is at most (i). This
is be ause the olor lasses are non-in reasingly ordered by the number of verti es assigned
that olor. This is oded in the following lemma.
Lemma 2.1 SC(G;

)=

P
v

(v) 

P
v (gv )
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Intuitively, we expe t ACS to have olored a vertex v by round hv , sin e v is within
the rst hv olor lasses of the optimal solution, but not the rst hv 1 lasses. This is
substantiated, on average, in the following laim.
Lemma 2.2

P
v (gv )

 Pv (hv )

Proof: By the de nition of ACS, it will have olored by round i at least as many verti es
as those that have an h-value at most i. That is, for i = 0; 1; : : :,

jfv : gv  igj  jfv : hv  igj:

(2)

Name the verti es v1 ; v2 ; : : : ; vn in non-de reasing order by g-values, and u1 ; u2 ; : : : ; un in
non-de reasing order by h-values. Then, by (2), g(vj )  h(uj ), for j = 1; 2; : : : ; n, and sin e
 is monotone non-de reasing, (gvj )  (huj ). The lemma now follows.
In the next lemma we bound (hv ) by a losed form expression.
Lemma 2.3

For q  1 and

 0, let f (q; k;

) = qk+ [ q 1 1 + 12 ℄: Then, for any v 2 V ,

(hv )  f (q; hv ; ) + 1=2 q =(q 1):

Proof:

(k) = `k + ( k + 1)=2 =



kX1
bqi+

+ bqk+ =2 + 1=2

i=0
kX1
qi+ + qk+ =2 + 1=2
i=0
qk 1 qk

+ ℄ + 1=2
q 1
2
= f (q; k; ) + 1=2 q =(q 1):

= q [

We an now dedu e a bound on the worst- ase performan e ratio of a deterministi form
of ACS.
Theorem 2.1

when

= 1.

The performan e ratio of ACS for sum oloring is at most q(1=(q 1)+1=2),

12

Proof: Observe that
SC(G) =

X

OPT (v )

v



X

hv

v

1

+1 

X h
qv
v

1+

:

(3)

When  logq (q 1)=2, Lemma 2.3 gives that (hv )  f (q; hv ; ). It then follows from
Lemmas 2.1 and 2.2 that




X
X
1
1
1
1
h
+
v
+  SC(G)
+ :
(4)
f (q; hv ; ) = q
SC(G; ) 
q 1 2
q 1 2
v
v
Combining (3) and (4), we nd that the performan e ratio is bounded by


SC(G; )
SC(G)

1



1
+ :
1 2

q q
p
p
When q = 1 + 2, this is at most 3=2 + 2  2:91.

To obtain a better performan e ratio, we analyze the expe ted performan e of ACS when
the parameter is hosen uniformly at random from [0; 1).
Lemma 2.4

For any q 2 (1; e2 ℄,

q+1
2 ln q

E [(hv )℄ 

OPT (v );

for any v 2 V , where the expe tation is over the random hoi es of .
Proof: By the de nition of hv , the olor
hv

Let us write
that
Let yv = hv +

OPT (v )

1

= bqhv

1+

OPT (v )

<

= qx, i.e. x = logq

qhv

1+

of vertex v in the optimal solution satis es



h +
hv = bq v

Sin e

OPT (v )

OPT (v )

OPT (v ).

< qx =

OPT (v )

:

(5)

is integral, we have in fa t

 q hv :
+

x and note that yv is in the range [0; 1). We may write
yv = (

x) mod 1:

The values OPT (v) and x are xed and independent of . Thus, when is hosen uniformly
at random from [0; 1), yv is also uniformly distributed in [0; 1). The random variable qyv
then has expe ted value
Z 1
q 1
y
v
E [q ℄ = qt dt =
:
ln q
0
13

Hen e,

q 1
ln q

x ℄  qx =

E [qhv + ℄ = E [qhv +

OPT (v ):

(6)

By Lemma 2.3,

E [(hv )℄  E [f (q; hv ; )℄ + 1=2 E [q ℄=(q 1)  E [f (q; hv ; )℄ + (1=2 1= ln q):
Thus, when q  e2 , then ln q  2, and we obtain that

E [(hv )℄  E [f (q; hv ; )℄ 

OPT (v )


q 1 1
1
+ =
ln q q 1 2

OPT (v )

1 + (q 1)=2
:
ln q

Let q be the solution of ln x = (x + 1)=x, or approximately 3:591. Then, the
expe ted performan e ratio of ACS for sum oloring is at most q=2  1:796.

Theorem 2.2

Proof: By Lemma 2.4, we get for this value of q that

E [(hv )℄ 

OPT (v )

+1
 q2 ln
=
q

OPT (v )

 q=2  1:796

OPT (v ):

Combining Lemmas 2.1 and 2.2, and using the linearity of expe tation, we get that

E [SC(G; ACS℄ 

X

v

E [(hv )℄ 

X

v

1:796

OPT (v )

 1:796 SC(G):

Note that in our analysis we have only utilized the following obvious property
of algorithm ACS. After the i-th round, ACS has olored as many verti es as ontained in
the rst i olors of the optimal solution. We an argue that our analysis is tight for su h
restri ted solutions. This would suggest that for general graphs, ACS would not perform
better than shown here.
For the lasses of graphs we are most on erned here, espe ially interval graphs, this
is a non-optimally weak property. A tighter analysis would undoubtedly un over better
performan e of the algorithm, but just as it has proved hard to give a good analysis of
the MaxIS algorithm of [BBH+ 98℄ for interval graphs, su h an analysis would require some
ideas that are not urrently in play.

Remarks

14

We mentioned that ACS an be derandomized by trying suÆ iently
lose values for . We substantiate this, we need to examine the smoothness of the performan e fun tion.
Suppose that a 2 [0; 1) is the value for that minimizes the performan e ratio of ACS
for sum oloring and let a^ = a + , for some  > 0. Re alling that hv and  depend on the
value of , let us denote them as hv and  .
Observe that i and hv are monotone with respe t to the parameter ; thus, ai^  ai
and hav^  hav . Following the analysis of Lemma 2.3, we obtain that
Derandomization

a^ 1
hX
v
a
^
a
^
 (hv ) =
bqi+a+ +
i=1

bqhav^

a 

1
2

+ +

2

 qf (q; hav ; a);

even if the possible in rease in gv is not onsidered. Set Æ = q
logq (1 + Æ). Then, from (7)
X a^ a^
 (hv )
v



(1 + Æ)f (q; hav ; a)




(1 + Æ)E [

X

v

(7)

1, in whi h ase  =

f (q; hv ; ); ℄

(1 + Æ)1:796 SC(G):

Thus, it suÆ es to deterministi ally examine 1= logq (1 + Æ)  (log q)=Æ distin t values for
to get within 1 + Æ fa tor of the randomized guarantee.
Sin e the analysis gave expe ted values for ea h vertex separately, the performan e ratio in Theorem 2.2 holds also for the vertex-weighted variant problem. Intuitively, we an view ea h weighted vertex as a ompatible olle tion of unweighted verti es.
Impli ations

Corollary 2.3 ACS

ase.

approximates SC(G) within a fa tor of 1.796, even in the weighted

This improves on the previously best ratio known of 2 by Ni oloso et al. [NSS99℄, stated
for (unweighted) sum oloring interval graphs. This also yields a orollary for the preemptive
sum multi oloring problem. In [BHK+ 00℄, a 4-ratio approximation is obtained for graphs
where SC an be approximated within a fa tor of . We thus obtain an improvement,
for graphs for whi h maximum size k- olorable subgraph is polynomial solvable, from the
previous 16-fa tor.
is approximable within 4  1:796  7:184 on interval and omparability
graphs and their omplements.
Corollary 2.4 pSMC
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2.3 The Robust Throughput of Algorithm ACS
We pro eed to analyze the throughput behavior of ACS.
Theorem 2.5

ase.

For any graph G, RT(G; ACS)

 1:45751.

This holds also in the weighted

Proof: The o set parameter is of no help here, and shall be set to 0. Further, for
simpli ity, we look only at the ase when q = 2, whi h we have experimentally found to
give best results.
Let k be any natural number. Re all that is the oloring output by ACS. We ompare
the number of verti es found by ACS in the rst k olor lasses, given by T hr( ; k), to the
number of verti es in the rst k olors of an optimal solution, given by k (G). To simplify
the notation in the al ulations below, let A(k) = T hr( ; k) and O(k) = k (G).
Let m = blog k denote the number of rounds. Re all that i = 2i and `i = 2i 1. The
set of verti es found by ACS then onsists of the A(`m ) verti es found in the rst m 1
rounds, and at least a (k `m )=k fra tion of the verti es olored in the m-th round. The
analysis uses the following simple observation. Sin e in ea h round, i, 0  i < m, ACS nds
a maximum i - olorable subgraph, learly, the number of verti es olored in round i is at
least a i =k-fra tion of the verti es in O(k) that remained un olored after round i 1.

A(`i+1 ) A(`i )  i (O(k) A(`i )):
k
Rewriting, we get

O (k ) A (` i

+1

)  (1

i

k

By indu tion, we have that

O(k) A(`m )  O(k)

)(O(k)

A(`i )):

mY1

2i

i=0

(1

k

):

(8)

In the last round, we ount the number of verti es overed by ACS with the nal k
olors. The fra tion still not olored after that round amounts to

O(k) A(k)  (1

(k

(2m

k

1))

)(O(k)

`m

A(`m );

and from (8), we get that
m

O(k) A(k)  O(k) 2 k

1 mY1
i=0

(1

2i

k

):

(9)

By omputational analysis, we nd that the r.h.s. of (9) is maximized when k=2m  1:3625,
onverging to about 0:3139 O(k). This implies a performan e ratio O(k)=A(k)  1=(1
16

0:3139)  1:4575 for the throughput of the oloring, for a given value k. Sin e this bound
is independent of k, we have derived a bound T hr( ), on the robust throughput measure.
On graphs for whi h maximum size k- olorable subgraph is not polynomially solvable
but approximable within a -fa tor, we easily obtain a 1:4575 ratio for robust throughput.
Finally, we an argue a bound on the number of olors used.
The expe ted number of olors used by
q = e  2:718, this is at most e  (G).

Theorem 2.6

ACS

is at most lnqq (G). When

Proof: Let m be the nal round of ACS, i.e. the minimal integer satisfying m = bqm+
(G). Sin e ACS nished in round m and not in round m 1,

bqm

+



< (G)  bqm+ ;

1

whi h, sin e (G) is integral, implies that

qm+

1

< (G)  qm+ :

Let x = logq (G) and o = m +
x. Thus, (G) = qx = qm+ o , for o 2 [0; 1).
The total number of olors used by ACS is at most
m
X
q i+
i=0

m+

 qq

+1

1

=

qx+o+1
q1+o
= (G) 
:
q 1
q 1

Following the proof of Lemma 2.2, the expe ted number of olors used by ACS is at most

E [qo ℄ 

q

q 1

(G) =

q

ln q

(G):

It also follows that in the worst ase, ACS uses fewer than q2 =(q

1)  (G) olors.

We have seen that the same algorithm approximates all three measures: (G), SC(G),
and robust throughput. The parameters used to obtain optimum values were not the same;
however, with judi ious hoi es of the parameters, one an obtain olorings that approximate
simultaneously (in the expe ted sense) all the measures onsidered, as suggested in the
following result.
with q = 2, simultaneously approximates robust throughput within an
expe ted fa tor of 1.4575, SC(G) within a fa tor of 2.164, and (G) within a fa tor of 2.88.

Corollary 2.7 ACS,
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2.4 The Robust Throughput of Two Earlier Algorithms
2.4.1

Algorithm MaxIS

The MaxIS oloring algorithm is the iterative greedy method that olors in ea h round a
maximum independent set, among the yet-to-be olored verti es. It was rst onsidered
for sum oloring in [BBH+ 98℄, where it was shown to give a 4-approximation. This was
shown to be the tight bound for this algorithm in [BHK99℄. The ratio of 4 holds for graphs
where the maximum independent set (IS) problem is polynomial solvable; this in ludes e.g.
all perfe t graphs. When IS is -approximable, MaxIS yields a 4 -approximation for sum
oloring.
For robust throughput, we obtain the following result.
The performan e ratio of MaxIS for robust throughput is e=(e
and that is tight.
Theorem 2.8

1)  1:58,

Proof: Re all that a k- olorable subgraph in a graph G is a vertex subset S  V that an
be partitioned into k independent sets.
Let O(k) denote the ardinality of a maximum k- olorable subgraph H . Ea h independent set olored by MaxIS ontains at least 1=k fra tion of verti es that remain in H .
Let I (i) denote the number of verti es in the rst i olor lasses found by MaxIS, where
I (0) = 0. Then, the number of verti es remaining after iteration i, i  1, is at most a
(k 1)=k fra tion of the number of verti es before this iteration, that is,

O(k) I (i)  (1 k1 )(O(k) I (i

1))

(10)

Applying (10) re ursively, we get that

O(k) I (i)  (1 k1 )i(O(k) I (0)) = (1 k1 )i O(k):
Taking i = k, we have

O(k) I (k)  (1 k1 )k O(k)  e O(k);
1

or

I (k ) 

e 1
O(k):
e

To show that the bound is tight, suppose that the optimal solution OPT onsists of k
equi-sized olor lasses I1 ; : : : ; Ik , for some k > 1, and suppose that jI` j = ks , s > k, for
1  `  k. In the following we des ribe the stru ture of G that would allow MaxIS to sele t
in ea h step an independent set whi h ontains 1=k of the remaining verti es in I`, for all
1  `  k.
18

We partition the verti es in I` to (s + 1) subsets A`;1 ; : : : ; A`;s+1 . The size of A`;j is
given by
s
j 1
jA`;j j = k (k j1) ;
(11)

k

for 1  j  s, and jA`;s+1 j = (k 1)s . The verti es in A`;j are onne ted by edges to all the
verti es in Am;h , m 6= ` and h 6= j ; thus, the verti es Bj = [k`=1 A`;j form an independent
s
j 1
set. Also, from (11) we have that jBj j = k (kkj 1)1 . Note that the verti es in A1;s+1 an
be onne ted in su h a way that in iteration `, MaxIS an sele t all the verti es in Bj
plus a vertex in A1;s+1 ; therefore, the resulting IS is slightly larger than the size of ea h of
the remaining sets I1 ; : : : ; Ik . This would make MaxIS sele t in ea h iteration 1=k of the
remaining verti es in I` , 1  `  k.
Consider the end of iteration k. Then O(k) = jV j = ks+1 , while MaxIS still needs to
olor

ks+1 (k 1)k
k 1k
= O(k)(
)
k
k
k
verti es. For suÆ iently large k, ((k 1)=k)k is lose to e 1 . Hen e, we get that I (k) !
e 1 jV j = e 1 O (k ):
e
e
2.4.2

The algorithm of Ni oloso

et al.

for interval graphs

An algorithm of Ni oloso et al. [NSS99℄ for sum oloring interval graphs starts by omputing
G1 ; G2 ; : : : ; G(G) , where Gi is a maximum i- olorable subgraph. They show that when G
is an interval graph and the Gi 's are omputed by a left-to-right greedy algorithm, then (a)
Gi ontains Gi 1 , and (b) the di eren e set Gi Gi 1 is 2- olorable. Thus, the algorithm
olors G by oloring G1 with the olor 1, and oloring Gi Gi 1 with 2i 2 and 2i 1, for
i > 1.
Ni oloso et al. showed that the performan e of the algorithm for SC, and simultaneously
for hromati number, was 2, and that it was tight. From this des ription of the algorithm,
it is easy to derive bounds on its performan e for the other measures. Sin e, for ea h k,
a maximum k- olorable subgraph is fully olored with the rst 2k 1 olors, a ratio of 2
follows for robust throughput.
The algorithm of [NSS99℄ attains a performan e ratio of 2 for the robust
throughput of interval graphs (as well as sum oloring and hromati number).

Observation 2.9

It should be fairly lear that these bounds on the performan e of the algorithm annot
be improved. They also ru ially depend on spe ial properties of interval graphs. Also, it
is not lear if these bounds hold when the algorithm is used on weighted graphs.
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3

The

npSMC

problem on (k + 1)- law free graphs

In this se tion we give an approximation algorithm for npSMC on k + 1- law free graphs. As
noted earlier, one appli ation of this result for onstant k is an O(1)-ratio approximation
P
for the dedi ated task s heduling problem P j xj j Cj with j xj j = k. Note that we pla e
no onstraints on the number of ma hines in the dedi ated task s heduling problem, whi h
an be arbitrarily xed or unbounded. The onstraint is only that the number of ma hines
required by a given job is at most k.

3.1 Algorithm SG
Let G be a given k + 1- law free graph, and let be a parameter dependent on k to be
determined later. Informally, our strategy is the following. We allo ate x0 (v) = ( + 1)x(v)
olors to ea h vertex v, or + 1 times more than required. We onstrain this allo ation so
that the last x(v) olors be ontiguous, as they will form the a tual set of olors assigned
to v. We give higher priority to verti es with small x(v) over verti es with larger x(v). The
allo ation is performed one olor at a time to a maximal independent set of verti es that
have higher priority than others, either be ause they are shorter jobs, or be ause they have
be ome a tive. Observe that the independent set is maximal only in the graph indu ed by
the olle tion of not yet fully olored verti es. A tive verti es are those v that have re eived
at least x(v) + 1 olors (but fewer than ( + 1)x(v)), and thus must re eive a ontiguous
set until fully allo ated.
We assume that all olor requirements are di erent, sin e ties an be broken in a xed but
arbitrary way. Thus, the sele ted independent set I satis es two onstraints: (i) I ontains
all urrently a tive verti es (ii) if a not fully olored vertex v does not parti ipate in the
independent set it either has an a tive neighbor, or it has a neighbor in the independent
set with stri tly smaller olor requirement.
The logi for allo ating an additional ( +1)x(v) olors is to build a bu er so that a long
job does not a identally be ome a tive and delay many short jobs for a long time. This
way, all the neighbors of v have fair han e to be olored to ompletion before v be omes
a tive.
SG(G)
1.
2.

j

1.

while
(a)
(b)

Ij

G is not empty
all

do

urrently a tive verti es

while there exists a vertex with no neighbor in Ij do
i.

Let

v be a vertex of minimum x(v) among those that
have no neighbors in Ij (and not in Ij themselves)
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ii.
( )

Ij

Assign
their

(d)

olor requirements in

es in set

G.

Ij , de

rease by

1

Update a tive verti es, and delete fully olored verti es from

j + 1.
The last x(v ) olors allo

(e)
3.

Ij [ fvg
olor j to the verti

j

ated to

v form the

oloring of

G.

v in the npSMC solution.

See Figure 4 for an illustration of the algorithm.
v

1

2

w
q
q

z

q

z

q

z

q

z

q

z

v

2
z

1

w

Figure 4: The rst 6 independent sets sele ted by the algorithm. The graph is 3- law free.
Thus, = 4. The algorithm allo ates ( + 1)x(q) = 5 olors for q, and 10 for z . At round
5, q be omes fully olored and so v takes its pla e in I6 . Sin e z is not a tive yet, w whi h
has a lower olor requirement is interse ted into the sixth independent set.

3.2 Analysis of

SG

We use the following notation in the analysis. Throughout this se tion, x some optimum
solution, OP T , for the npSMC instan e. A round onsists of one iteration of the outer while
loop of SG. Namely, a round is the pro ess of hoosing the next Ij . The rst round is 1.
Observe that the verti es in luded in Ij (namely, in the independent set of round j ) have j
as one of their assigned olors.
A vertex is smaller (larger) than its neighbor if its olor-requirement is. Let N (v) be the
set of neighbors of v. The set of smaller (larger) neighbors of v is denoted Ns (v) (Nl (v)). Let
21

Ov (respe tively, Ovs and Ovl ) denote the olle tion of neighbors of v (respe tively, smaller
and larger neighbors of v) olored before v in OP T . Similarly, let Av , Alv and Asv be the
verti es in N (v), respe tively, olored before v by algorithm SG, olored before v by SG and
belonging to Nl (v), and olored before v by SG and belonging to Ns (v).
A not fully olored vertex is either sele ted, or delayed in a given round. It is sele ted if
pla ed in the urrent independent set, in whi h ase it is either a tive or paying. A vertex
is a tive if it was given at least x(v) + 1 olors. Thus, this vertex needs less than x(v)
additional olors (to get to ( + 1)x(v).) A tive verti es are always inserted into the next
independent set until they are fully olored. Thus, the verti es of Ij that are not a tive are
paying verti es.
The vertex an either have a good delay in a round, if it has a smaller sele ted neighbor,
or a bad delay, if it is delayed by a larger a tive neighbor.
We summarize this in the following fa t. Let I be the urrent hosen independent set
and Ia the set of a tive verti es, ne essarily ontained in I .
Fa t 3.1

In any given round, exa tly one of the following holds for a given vertex v:

1. Good delay: I \ Ns(v) 6= ;
2. Bad delay: Ia \ Nl (v) 6= ;, and I \ Ns (v) = ;
3. Sele ted: v is paying or a tive.

Let dg (v) (db (v)) denote the total good (bad) delay of v under SG. Fa t 3.1 implies that
the nal olor of v is given by fSG(v) = ( + 1)x(v) + dg (v) + db (v): We pro eed to bound
separately the good and bad delays. De ne

Q(G) =

X

X

v w2Ns (v)

x(w) =

X

vw2E (G)

min(x(v); x(w)):

The quantity Q(G) provides an e e tive lower bound on the preemptive multi olor sum,
P
and thus also on the ontiguous one. Let S (G) = v2V x(v).
Lemma 3.1

Q(G)  k  (pSMC(G)

S (G)).

Proof: Re all that Ov are the neighbors of v olored before v in OP T . De ne the residual
P
demand of Ov as follows. The initial residual demand of Ov is Dv0 = u2Ov x(u). Let
Dvi be the residual demand of Ov verti es after olor i of OP T . Namely, let xi (u) denote
the number of olors assigned to u be the rst i olor- lasses in OP T ( olors 1 to i), then
P
Dvi = u2Ov (x(u) xi (u)).
We note that Dvi+1  Dvi k, as for every 1  j  i at most k of the neighbors of v
belong to j olor- lass in OP T . This follows be ause the graph is (k + 1) law free. Sin e
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the optimum does not start oloring v before the residual demand of Ov is 0, the minimum
P
olor assigned to v by OP T is at least Dv0 =k, and pSMC(G)  S (G) + v Dv0 =k: Now, as
P
every edge e = (u; v) either ontributes x(u) to Dv0 or x(v) to Du0 we have: v Dv0  Q(G).
The required lemma follows.
Lemma 3.2

For any graph G,

P
v dg (v )

(

+ 1)  Q(G).

Proof: A smaller neighbor u of v is sele ted for at most ( + 1)  x(u) time units, and an
P
delay v by at most that mu h. Thus, dg (v)  ( + 1) w2Ns (v) x(w).
Consider v and round j so that v 62 Ij . Then at most
l
Av an be paying (namely sele ted but not a tive) at that round.
Claim 3.2

k

1 of the verti es of

Proof: By de nition, if the round is good then Ij \ Asv 6= ;. Thus, jIj \ Alv j  k 1 be ause
the graph is (k + 1) law free. In parti ular, at most k 1 of the Alv verti es an be paying.
In addition, if the delay is bad, by de nition Ij must ontain an a tive vertex u that
belongs to Alv . It follows from the fa t that the graph is (k + 1)- law free that at most k 1
Alv verti es an be paying.
Lemma 3.3

For any vertex v, db (v) 

k 1
 d (v):
k+1 g

Proof: The idea in the proof is to nd a large olle tion of \events" all of whi h must o ur
in the db (v) + dg (v) rounds in whi h v is delayed.
These events are de ned as follows. Observe that by de nition, ea h round that has a
bad delay for v has some u 2 Alv a tive at that round. Before u be ame a tive, there must
have been  x(u) rounds in whi h u was paying; this is be ause u be ame a tive. Thus
the olle tion of events are all the times verti es of Alv were paying. Note that every su h
event must o ur in the dg (v) + db (v) rounds that v is delayed. Indeed, by the de nition of
Alv , v must be delayed as long at least one vertex in Alv still need to pay.
P
P
P
Let Sv = u2Av x(v), Svl = u2Alv x(v), and Svs = u2Asv x(v). The total number of
times that some vertex in Alv was paying is exa tly  Svl . By Claim 3.2 the total delay of
v, dg (v) + db (v) is at least  Svl =(k 1); this gives the total pay required by Alv verti es
divided by the number of verti es simultaneously paying.
By the de nition of Alv , db (v) is at most Svl . In summary we have that dg (v) + db (v) 
db (v)=(k 1), and the lemma follows.
Theorem 3.3 SG approximates npSMC(G)

on k+1- law free graphs by a fa tor of 2k(2k 1).
In parti ular, it a hieves a fa tor 12 on line graphs and proper interval graphs.
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Proof: Let = 2(k 1). Let SG(G) denote the multi olor sum of our algorithm on G.
Combining Lemmas 3.2, 3.3 and 3.1, we have that

SG(G)

k 1
)Q(G)
k+1
= (2k 1)S (G) + 2(2k 1)Q(G)
 2k(2k 1)pSMC(G) (2k 1)2 S (G):



( + 1)S (G) + ( + 1)(1 +

As mentioned before, among the various lasses of graphs this result holds for are line
graphs, proper interval graphs and the interse tion graphs of families of unit ir les.
Note that in the proof of Theorem 3.3 the npSMC optima is bounded by a onstant times
the pSMC optima. Therefore, the proof of Theorem 3.3 implies the following relation of the
optimum preemptive and non-preemptive solutions, that was not known before.
Corollary 3.4

For a k + 1- law free graph G, k a onstant, npSMC(G) = O(pSMC(G)).

Proof: Note that sin e SG nds a non-preemptive oloring, npSMC(G)
(12), SG(G)  2k(2k 1)pSMC(G).

 SG(G), while by

We observe that the number of olors used by our algorithm is within a onstant fa tor
of optimal. Although the bound obtained is inferior to the best algorithms designed for that
purpose, it is interesting that we get a simultaneous approximation of both the hromati
number and sum multi oloring measures.
approximates the (multi-) hromati number (i.e. makespan) (G; x) of
k + 1- law free graphs by a fa tor of 2k(2k 1). In parti ular, it a hieves a fa tor 12 for
line graphs.
Theorem 3.5 SG

P

Proof: Let v be a vertex so that x(v)+ u2Ns (v) x(u) is maximum. In any legal oloring, at
ea h round only at most k of the neighbors of v an be olored. Whenever v is sele ted, no
P
neighbor of v an be paying. Thus we have that (G; x)  x(v) + u2Ns (v) x(u)=k. In turn,
P
previous analysis gives that for every u, db (u)  dg (u), and dg (u)  (2k 1) w2Ns (u) x(w).
P
Thus, fSG (u)  x(u) + 2(2k 1) w2Ns(u) x(w). The lemma follows from the hoi e of v.

3.3 Extensions
We now show that our result an be extended to handle vertex weights.
Jobs may have di erent priorities, whi h are re e ted in the nonnegative weight w(v) atta hed to ea h vertex v. The obje tive fun tion be omes the sum of weighted nal olors,

Vertex weights
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P

v w(v )f (v ). Straightforward modi

ations of the approa h of Se tion 3.1 yield the same
bound; the unweighted ase was the one presented in detail just for the simpli ity of exposition. Following [BHK+ 00℄, we hange the priority order to follow the ratio of olor
requirement to the weight: v is preferred over u i x(v)=w(v)  x(u)=w(u). Update the
de nition Ns (v) a ordingly. Rede ne Q(G) as

Q(G) =

X

v2V

w(v)

X

w2Ns (v)

x(w) =

X

uv2E

min(w(v)x(u); w(u)x(v)):

Lemma 3.3 now follows un hanged, Lemma 3.2 holds with dg (v) modi ed to w(v)dg (v),
and Lemma 3.1 was argued in [BHK+ 00℄. Then we obtain the same ratio of 2k(2k 1) by
Theorem 3.3.
Release times We now elaborate on the job s heduling appli ation. Job s heduling is
typi ally done dynami ally, i.e., jobs arrive to the system at di erent times. The release
time of a job, v, is a lower bound on the rst olor that an be assigned to v. An easy
onsideration shows that this has no detrimental e e ts on the performan e of our algorithm,
given its iterative nature. Our algorithm is online, in that it onsiders only jobs available
at the given time, where \ olors" are equivalent to \time steps".
A seemingly more diÆ ult optimization measure (radi ally di erent than the sum of
nishing times) is the the obje tive fun tion of the ow time. In this measure our goal is to
minimize the sum of ompletion time less the sum of release time. This seemingly diÆ ult
problem is open, even for sum olorings. Only the exa t algorithms for trees and partial
k-trees [HK99℄ are known to apply to this ase.
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